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Modem nanotechnology allows to scale down various import ant devices (sensors, chips, fibres, etc), 
and, thus, opens up new horizons for their apphcations. The efficiency of most of them is based 
on fundamental physical phenomena, such as transport of wave excitations and resonances. Short 
propagation distances make phase coherent processes of waves important. Often the scattering 
of waves involves propagation along different paths, and, as a consequence, results in interference 
phenomena, where constructive interference corresponds to resonant enhancement and destructive 
interference to resonant suppression of the transmission. Recently, a variety of experimental and 
theoretical work has revealed such patterns in different physical settings. The purpose of this 
Review is to relate resonant scattering to Fano resonances, known from atomic physics. One of 
the main features of the Fano resonance is its asymmetric line profìle. The asymmetry originates 
from a dose coexistence of resonant transmission and resonant reflection, and can be reduced 
to the interaction of a discrete (localized) state with a continuum of propagation modes. We 
will introduce the basic concepts of Fano resonances, explain their geometrical and/or dynamical 
origin, and review theoretical and experimental studies for light propagation in photonic devices, 
charge transport through quantum dots, plasmon scattering in Josephson junction networks, and 
matter wave scattering in ultracold atom systems, among others. 
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I. HISTORICAL REMARKS 



One of the important diagnostic tools in physics is scat- 
tering of radiation (waves) by matter. It ahows to inves- 
■^J tigate properties of matter and to control the radiation. 
il For example, Rydberg spectral hnes (1888) of the hydro- 
gen atom allowed Niels Bohr to deduce his model of an 
atom (1913), which l a yed th e basis of quantum mechan- 
ics. Later, iBeutlerl (|l935[ ) observed that some of the 
Rydberg spectral atomic lines exhibit sharp asy mmet - 
ric profiles in the absorption. It was Ugo [Fanol (Il935[ ì 
who suggested the first theoretical explanation of this ef- 
fect and suggested a formula (also known as the Beutler- 
Fano formula) which predicts the shape of spectral lines 
based on a superposition principle from quantum me- 
chanics. The complexity of the physical phenomena was 
encapsulated in a few key parameters, which made this 
formula a workhorse in many fìelds of physics, includ- 
ing nuclear, atomic, molecular, and condensed matter 
physics. According to Fano: ^'the Beutler spectra showed 
unusual intensity profiles which struck me as reflecting 
interf erence between alternative mechanisms of excita- 
tion^^ (|Fand IT977I ) . The interpretation provided by Fano 
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FIG. 1 Ugo Fano (1912-2001) - "outstanding interpreter o f 
how radiation interacts with atoms and cells" ( IClarkI . l200ll ì. 
and much more (this Review). 



of these "strange looking shapes" of spectral absorption 
lines is based of the interaction of a discrete excited 
state of an atom with a continuum sharing the same en- 
ergy level, which results in interference phenomena. The 
first paper w ith the derivation of the hne-shape formula 
(lFanol . ll935l ì. was pubhshed in 1935, when Ugo Fano was 
a young postdoctoral fehow in the group of Enrico Fermi. 
Fano has acknowledged the influence of his teacher on the 
derivation of this ke y result. The second much more elab- 
orated paper (|Fand . fi 961 ) became one of the most impor- 
tant pubhcations in the physics of the XX century, rated 



between the first three most relevant works pubhshed 
in The Physical Review (Redner, 2004), with over 5300 
citations by now (October 2008). ^^The paper appears 
to owe its success to accidental circumstances, such as 
the timing of its publication and some successful features 
of its formulation. The timing coincided with a rapid 
expansion of atomic and condensed matter spectroscopy, 
both optical and collisional. The formulation drew atten- 
tion to the generality of the ingredients of the phenomena 
under consideration. In fact, however, the paper was a 
rehash of work done 25 years earlie r . . . (iFanol . Il977l : 
[Vittorini- Or geas and BianconiI, l2009l ) . In his pioneering 
papers, Ugo Fano introduced an import ant new ingre- 
dient of matter-radiation interaction in atomic physics, 
making him a key player in XX century physics. This 
was also acknowledged by the Fermi Award in 1995 for 
" his seemingly formai use of fundamental theory" leading 
to "the underpinning of a vast variety of practical results 
which developed naturally from this understanding" . 

Remarkably, the first observation of the asymmetric 
line-shapes can be traced back to the discovery made 



by Wood in 1902, namely, the presence of unexpected 
narrow bright and dark bands in the spectrum of an op- 
tical refiecti on g:rat i ng: ill uminated by a slowly varying 
lisht source ('Woodl. I1902V Wood was astounded to see 
that under special illumination conditions the grating ef- 
ficiency in a given order dropped from maximum to mini- 
mum illumination, within a wavelength range not greater 
than the distance between the sodium lines. These rapid 
variations of intensities of the various diffracted spectral 
orders in certain narrow frequency bands were termed 
anomalies^ since the effects could not be explained by 
the conventional grating theory ( WoodI , Il935f ). The 
first theoretical trea tment of these anomalies is due to 
Lord iRavleighI ( 19071 ). His "dynamical theory of the grat- 
ing" was based on an expansion of the scattered electro- 
magnetic field in terms of outgoing waves only. This the- 
ory correctly predicted the wavelength (Rayleigh wave- 
lengths) at which anomalies occurred. However, one of 
the limitations of Rayleigh's approach was that it yields 
a singularity at the Rayleigh wavelength, and, therefore, 
does not give the shape of the bands associated with 
the anomaly. Fan o tried to overcome thi s diffìc ulty in 
a series of papers (|Fand . Il936l . Il937l . Il938l . Il94lh by as- 
suming a grating consisting of lossy dielectric material, 
and suggesting that anomalies could be associated with 
the excitation of a surface wave along the grating. The 
resonant excitation of leaky surface waves near the grat- 
ing, which occurs when a suitable phase matching be- 
tween the incident piane wave and the guided wave is 
satisfied, leads to a s tron^ enh ancenie nt of the field near 
the grating surface (|de Abaid l2007l : [Hessel and Olinerl , 
19651: ISarrazin et ali l2003h . As it was pointed out by 
Sarrazin et al\ (|2003l ì. the observed asymmetric profiles 
can be fitted by the Fano formula with very good ac- 
curacy. Thus, the interaction of excited leaky modes 
with an incoming radiation leads to similar interference 
phenomena as in absorption by Rydberg atoms, where 
a leaky mode can be associated with a discrete state, 
and the incoming radiation with a continuum. These 
examples reveal the universality of Fano's approach in 
describing the origin of asymmetric line-shapes in terms 
of interference phenomena, regardless of the nature of 
the constituting waves, as well as in predicting both the 
position and the width of the resonance. 



Similar asymmetric profiles were observed in various 
other Systems and settings. But sometimes it is not ob- 
vious to determine the origin of the interference. In the 
present survey paper, we provide a very general expla- 
nation of appearance of the Fano resonances in various 
physical systems based on a simple model, which sheds 
light on the origin of the interference phenomena, which 
is well along the lines of Steven Weinberg: "our job in 
physics is to see things simply, to understand many com- 
plicated phenomena in a unified way, in terms of a few 
simple principles." (1979 Nobel Prize Lecture). 
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FIG. 2 (Color online) Resonances of parametrically driven 
coupled oscillators. (a) Schematic view of two coupled 
damped oscillators with a driving force applied to one of 
them; (b) the resonant dependence of the amplitude of the 
forced oscillator |ci|, and (c) the coupled one |c2|. There are 
two resonances in the system. The forced oscillator exhibits 
resonances with symmetric and asymmetric profìles near the 
eigenfrequencies cji = 1 and a;2 = 1.2 (b), respectively. The 
second coupled oscillator respon ds only wit h symmetric reso- 
nant profìles (c). Adapted from iJoe et al. 1 (120061 
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FIG. 3 (Color online) Fano resonance as a quantum interfer- 
ence of two processes - direct ionization of a deep inner-shell 
electron and autoionization of two excited electrons followed 
by the Anger effect. This process can be represented as a tran- 
sition from the ground state of an atom \g) either to a discrete 
excited autoionizing state \d) or to a continuum |c). Dashed 
lines indicate doublé excitations and ionization potentials. 



II. THE FANO RESONANCE 



B. Light and atoms 



A. Two oscillators with a driving force 



Usually, a resonance is thought to be an enhancement 
of the response of a system to an external excitation at 
a particular frequency. It is referred to as the resonant 
frequency, or naturai frequency of the system. One of 
the simplest examples is a harmonic oscillator with peri- 
odic forcing. When the frequency of the driving force is 
dose to the eigenfrequency of the oscillator, the ampli- 
tude of the latter is growing towards its maximal vaine. 
Often many physical systems may also exhibit the op- 
posite phenomenon, when their response is suppressed 
if some resonance condition is met (which lead even to 
the term antiresonance) . This can be illustrated by us- 
ing two weakly coupled underdapmed harmonic oscilla- 
tors, where one of them is driven by a periodic force 
[see Fig. Efa)]. In such a system, in general, there are 
two resonances locat ed dose to eigenfrequencies coi and 
002 of the oscillators (Joe et al.^ 2006). One of the reso- 
nances of the forced oscillator demonstrates the standard 
enhancement of the amplitude near its eigenfrequency 
cji, while the other resonance exhibits an unusual sharp 
suppression of the amplitude near the eigenfrequency of 
the second oscillator 002 [see Fig. [2fb,c)]. The first reso- 
nance is characterized by a symmetric profìle, described 
by Lore ntzian function, and know n as a Breit-Wigner res- 
onance ( Breit and Wigner, ^936*). The second resonance 
is characterized by an asymmetric profile. 



The second resona nce was described for the first time 
bv iFanol ( 19351 fl96ll ì, when being attracted by unusual 
sharp pea ks in the absorption spectra of noble gases ob- 
served bv lBeutled (Il935[ ì. The nature of the asymmetry 
was es tablished with the theory of configuration by iFand 
( 196ll ì. The photoionization of an atom can go along 
various ways. The first, straightforward one, is the ex- 
citation of the inner-shell electron above the ionization 
threshold A ^ hv ^ + e. Another possibility is to 
excite the atom into some quasi-discrete level, which can 
spontaneously ionize by ejecting an electron into the con- 
tinuum A-\-hiy ^ A'^ -h e. Such l evels were named 
autoionizing ones after Shenstone (1938). In other words, 
the autoionized state is a bound state of an atom with the 
energy above the first ionizing threshold. Autoionization 
is one of the most fundamental electron-electron correla- 
tion phenomena, and it is forbidden in the n oninteracting 
particle approximation (|Connera d3. ll998l ì. One of the 
possible autoionized states is the excitation of two elec- 
trons by one photon, when the excitation energies of each 
electron are of the same order of magnitude, and the total 
excitation energy exceeds the atom ionization threshold. 
The interaction between electrons leads to the decay of 
this state when one electron transfers into a lower state, 
and the second electron is ejected into the continuum, 
using the energy of the relaxed electron. In spectroscopy 
this p rocess is known as the Anger effect (jAugerl , [l925al lbl, 
Il926l ì. Different type s of o ther autoionizing states are 
described in S mirnovI (l2003l ì. In general, autoionization 
can be considered as a mechanism which couples bound 
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FIG. 4 (Color online) Illustration of the Fano formula ([T]) as a 
superposition of the Lorentzian lineshape of the discrete level 
with a fiat continuous background. 



States of one channel with continuum states of another. 
Due to the superposition principle of quantum mechan- 
ics, whenever two states are coupled by different paths, 
interference may occur. 

Fano used a perturbation approach to explain the ap- 
pearance of asymmetric resonances. He considered a 
so-called prediagonalised state by putting the coupling 
between a discrete bound state, which is degenerate in 
energy with a continuum of states, to zero. Such a pre- 
diagonalized state may or may not have a clear physical 
analogy, but serves in any case as a convenient mathe- 
matical construction, which allows to solve the problem. 
As a result Fano obta ined the formula for the shape of 
the resonance profìle (|Fanol . ll935L Il96lh of a scattering; 
cross-section 



(1) 



using a phenomenological shape parameter q and a re- 
duced energy e defìned by 2{E — Ep) /T . Ep is a resonant 
energy, and F is the width of the auto-ionized state. For- 
mula ^ suggests that there are exactly one maximum 
and one minimum in the Fano profìle 



min 



= 0, 

= u 



at e = — g 
at e = 1/q 



(2) 



In his originai paper iFanol (|l96ll ) has introduced the 
asymmetry parameter g as a ratio of transition proba- 
bilities to the mixed state and to the continuum. In 
the limit \q\ oo the transition to the continuum 
is very weak, and the lineshape is entirely determined 
by the transition through the discrete state only with 
the standard Lorentzian profìle of a Breit-Wigner res- 
onance. When the asymmetry parameter q is order of 
unity both the continuum and discrete transition are 
of the same strength resulting is the asymmetric pro- 
file ([T]), with the maximum vaine at £^max = Ef -\- 
r/(2g) and minimum value at -E/min = Ef - Tq/2. 
The case of zero asymmetry parameter g = is very 
unique to the Fano resonance and describes a sym- 
metrical dip, sometimes called an anti-resonance (see 
Fig. [5]). The main feature of the Fano resonance 
is the possibility of destructive in terference, leading 
to asymmetric line shapes (.Bandopadhvav et ali l2QQ4j : 




FIG. 5 (Color online) Normalized Fano profiles ([T]) with the 
prefactor 1/(1 + q^) ^ for various values of the asymmetry 
parameter q. 



Bianconil. l2QQ3l: [Lee and Kiml. l2QQQ al: iNockel and Stond . 
19941 : iPiao et a/.LIl99Ql : lRaul . l2QQ4l ì. The actual resonant 
frequency of the discrete level Ef may lie somewhere 
between the maximum and the minimum of the asym- 
metric profìle, and the parameter q defìnes the relative 
deviation. In the situation l^l ^ oo the resonant fre- 
quency coincides to the maximum of the profìle, while 
in the case q = {) the resonant frequency coincides to the 
minimum. Ror (7 = 1 it is located exactly at half distance 
between the minimum and maximum (see Fig. [5]). 

Due to recent ad vances in the gene ration of ultrashort 
attosecond pulses IWickenhauser et ali (|2QQ5[ ) theoreti- 
cally investigated the possibility to observe the buildup 
of Fano resonances in time by using attosecond streak- 
ing techniquies . Excitation by an ultrashort pump pulse 
opens two interfering paths from the ground state to the 
continuum, which are then studied by a weak probe pulse. 
After the characteristic time of the autoionizing level, the 
transient coupling to the resonant state starts to "burn 
a hole" in the energy distribution of the initial Gaus- 
sian. This method may become very useful in determin- 
ing both coherent and incoherent pathways to ionization. 

The Fano formula ^ was successfully used to fìt 
and e xplain various ex p erime nt al data (|Aoki et 1 
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Winstead and Langhofj . Il99ll : lYafetl . Il98ll ì. thus. re- 
vealing the underlying mechanism of the observed 
resonances in terms of quantum-mechanical interaction 
between discrete and continuous states. In nuclear 
and atomic physics, interferences are often originating 
from the interaction of open (continuu n i) and close d 
(discrete levels) channels (|Feshbachl . Il958l Il962[ ). 
^hatia and Temkin (1983) unified the approaches of 
Fano and Feshbach with ab initio calculations and de- 
riv ed a rigorous express ion of the asymmetry parameter 
q (|Bhatia and Temkinl . fl984 ì. 

There are limitations to the apphcabihty of the Fano 
formula ([T]) (|Conneradel . Il998 l). First, it can be applied 
to describe single, isolated resonances. The appearance 
of more than two propagation pathes will change the pro- 
files. Second, the width of the discrete level should be 
narrow enough compared to other resonant structures in 
the scattering profile. 

In general, the Coulomb interaction between an outgo- 
ing electron e~ and a charged ion core A'^ during auto- 
ionization leads to a renormalization of the energy lev- 
els of the many-electron system. Such a renormalization 
is known as the quantum defect of Rydberg series. To 
precisely describe the positions and width of the reso- 
nances, a multichanne l qua ntum defect t heory was devel- 
oped bv ISeatonI ( 19661 ) and iFanol ( 1970l ). which provides 
a rigorous description of the process. It allows to derive 
ali asymptotic quantities such as phase shifts or ampli- 
tudes of the auto-ionized levels. Eq. ([T]) was derived 
by Fano by neglecting effects due to long-range Coulomb 
interaction. Stili it provides a physical insight into the 
auto-ionization process in terms of quantum-mechanical 
Inter ference of discrete and continuum states. 

At the resonance the phase of the scattering wave 
changes sharply by tt. Thus, the interaction of scat- 
tering waves will result in constructive and destruc- 
tive interference phenomena located very dose to each 
other, corresponding to a maximum £^max and a min- 
imum ^min of the transmission (absorption), respec- 
tively. The width of the resonance is proportional to 



principle, they may be located very dose to each other 
^max ^ ^min, rcsultiug in a vcry narrow resonance 
r ^ , corresponding; to a very lo ng-lived quasi-bound 
state ( Stillinger and Herrickl . [l975l ) . using artifìcial one- 
dimensional potentials one can even achieve F = 
( von Neumann and WigneJ . Il929l ). as a proof of con- 
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FIG. 6 Measured (upper row) and calculated (bottom row) 
absorption spectra of a single quantum dot for various laser 
powers. The absorption profile varies from a symmetrical 
to an asymmetrical one with increase of the laser power, 
indic atine the e nhancement of the continuum transition. 
From lKroner et al. ( 20081 



cept. By applying Feshbach's t heory of resonances to 
two ove rlapping Fano resonances. [Friedrich and Wintgenl 
(|l985al lbl) demonstrated that the interference of several 
auto-ionizationing levels of a Rydberg atom may lead 
to the formation of bound states in the continuum with 
anomalously narrow resonances. 



C. Light and structured matter 

Experiments on the absorption cross-section of a sin- 
gle quantum dot, which is often considered as an ar- 
tifìcial atom, have revealed that the asymmetry pa- 
rameter q ca n be continu ously tuned with the power 
of the laser ( Kroner et ali |2008). In this system, the 
transition rate to the discrete level saturates at high 
power, wh ile the rate of the continuum transition does 
not (Zhan ^^ ali [2006). Eventually, the initially weak 
continuum transition rate will match the saturated tran- 
sition rate to the discrete level with increasing laser 
power. As a result, a symmetric Lorentzian profìle at 
low power will transform to an asymmetric Fano profìle 
at suffìciently large power (see Fig. [6|). 

In biased semiconductor superlattices the Fano cou- 
pling parameter F between the discrete state and the 
continuum can be co ntinuously tuned by varying the 
applied electric fìeld ([Holfeld et ali \l99É ). The exter- 
nal bias gives rise to Wannier-Stark states, which inter- 
act with excitons, and result in asy mmetric absorption 
spectra of Wannier-Stark transit ions ( Hino and Toshimal . 
I2OO5I : Is. J. Xu a nd Zheng*. '2006"). The external bias de- 
termines the energy spacing of a Wannier-Stark subband, 
and, thus, controls the effective coupling between the dis- 
crete states and the continua. It allows to study the de- 
phasing dynamics of the Fano resonance. 

In general, the asymmetry parameter q is not restricted 
to be only real. In systems with broken time reversai 



symmetry transition amplitudes to the discrete level and 
to the continuum may become complex, and so does the 
asymmetry parameter. The Fano resonance in such sys- 
tems can be s tudied by analyz ing the dynamical response. 
In particular. lMisochko et ali (.2005) found that the time- 
dependent refiection of hght a bismuth single crystal af- 
ter the excitation by an ultrashort laser pulse exhibits 
Fano asymmetric profìles in the Fourier transform of a 
time-periodic signal. They demonstrated that the asym- 
metric parameter varies periodically with the time delay 
between pump and probe pulses. The breaking of time 
reversai symmetry is indicated by the change of the sign 
of the asymmetry parameter. 

Asymmetric lineshapes were also observed in 
Raman spectra of heay ily doped semiconduc- 
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though, almost any asymmetric profile o f these spectra 
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quantitative description of these cases is stili lacking. 
The general qualitative understanding is that the ab- 
sorbed photon can initiate two kinds of processes. The 
first one is the Inter- or intra-band electronic transition 
from the ground state to the continuum. The second 
process is the transition to an intermediate state followed 
by a one-phonon Raman emission and electron transition 
to either the initial ground state or to the excited donor 
state. Thus, the interference of two processes may in 
principle result in the Fano resonance. 



D. Atoms and atoms 

When two atoms collide with each other a quasi- 
bound state can be formed, which is characterized by 
a complex energy E = Ep -\- iT. In scattering the- 
ory this quasi-bound state is called a resonance since 
it possesses a finite life-time h/T. The quasi-bound 
state is formed due to the excitation and sharing of 
electrons, and can interpreted as an interaction be- 
tween discrete and continuous states [see Fig. [3l^b)]. In 
a similar manner, the observed asymmetric reso nances 
in pre-dissoc i ation (Bandrauk and Laplarit3, Il976 : 
Cotting et g/. ^ 1994 ;_ Lebech et ali , l2QQ6l : iLewis et al , 
2QQll : iPalffv et a/.L l2QQ7l)(or fra^mentation) of molecules 
were explained by iRicd (1933) in terms of auto- 
ioniza tion. The concept was introduced by iFeshbachI 
(Il958l ì in the context of reactions forming a compound 
nucleus. A Feshbach resonance in a two-particle colli- 
sion appears whenever a bound state in a closed channel 
is coupled resonantly with a scattering continuum of an 
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FIG. 7 (Color online) The two-channel model for a Feshbach 
resonance. Atoms which are prepared in the open channel, 
undergo a collision at low incident energy. In the course of the 
collision, the open channel is coupled to the closed channel. 
When a bound state of the closed channel has an energy dose 
to zero, a scattering resonance occurs. From iBloch et ali 
(2QQ8 Ì. 



open channel ([Bloch et ali l2QQ8l ). The scattered parti- 
cles are temporarily captured in the quasibound state, 
and the associated long time delay gives rise to a Breit- 
Wigner-type resonance in the scattering cross section (see 
Figlll). 

A series of recent studies was devoted to the explicit 
calculation of scattering states for one-dime nsional chains 
with two in teracting bosons or fermions ([G rupp et a/1 
2QQ7I: iNvgaa rd et al, 2OO8J0; IValiente and PetrosvanL 
20091 ). These systems allow for two-particle continuum 
states, but also for bound states of two particles. Tuning 
the Bloch wave number, the bound state dissolves with 
the two-particle continuum. However, its trace inside 
the continuum remains, leads to a tt phase shift of the 
scattering phase, and to corresponding Fano or Feshbach 
resonances in the scattering length. Notably in these 
problems a clear notion of resonant transport is absent, 
since there is no difference between a probe beam and a 
target due to indistinguishability of the two particles. 

Efìmov predicted that a three-body quantum system 
can support weakly bound states (trimer) under con- 
ditions when none of the three constituting pairs are 
bound (lEfìmovl . Il970l . [1971). Efìmov trimer states ap- 
pear in the limit where the two-body interaction is too 
weak to support a two-body bound state (dimer). Such 
trimer states should exist regardless of the nature of 
the two-body interaction, and, thus, are generic in few- 
body systems. Recently, the fìrst experimental obser- 
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vation of Efìmo y states has been rep orted in ultracold 
cesium trimers ( Kraemer et a/.L[2QQ6[ ), by measuring the 
three-body recombination process Cs+Cs+Cs^Cs2+Cs. 
The fìngerprint of Efìmov trimers in this system appears 
as a resonant enhancement and suppression of three- 
body coh isions as a function of the two-atom interactio n 
strength ( Esrv and Green^ , l2QQ6l : iKra emer et al!. "2006'), 
with typical asymmetric profiles. Mazumdar et al. 
( 2006[ ) explained this asymmetric response in terms of 
a Fano resonance, suggesting that the asymmetry can be 
used as a diagnostic tool for the Efìmov effect. 



III. MODELING: COMPLEX GEOMETRIES 

One possibility to model a Fano resonance is to choose 
the geometry of a given system in such a way, that (at 
least) two scattering pathes are available. In this Section 
we will consider the basic geometries which will do the 
job, and discuss several extensions. 



A. Fano-Anderson model 

One of the simplest models which describes the physics 
and the main feature s of the Fan o resonance is the 
Fano- Anderson model (|Mahanl . [T993l ì. which mimics the 
energy level struct u res [s ee Fig. [3l^a)] of the model 
proposed by Fanol (Il96l | ì. In a simplifìed version 
( Miroshnichenko et a/.l2Q05ri ) it can be described by the 
following Hamiltonian 



H = C 



■Ef\ 



Vrir^o^ ce), {3) 



where the asterisk denotes complex conjugation. This 
model describes the interaction of two subsystems. One 
is a linear discrete chain with the complex fìeld amplitude 
(j)n at site n and nearest-neighbor coupling with strength 
C. This system supports propagation of piane waves with 
dispersion cok = 2C cos k. The second subsystem consists 
of a single Fano state ìJj with the energy Ep. The inter- 
action between these two subsystems is given by the cou- 
pling coeffìcient Vf between the state and one site of 
the discrete chain (pQ. A propagating wave may directly 
pass through the chain, or instead visit the Fano state, 
return back and continue with propagation. These two 
pathes are the ingredients of the Fano resonance. 

The lattice Hamiltonian ([3|) generates the following dif- 
ferential equations: 

ì(j)n = C(0n-1 + ^n+l) + ^pV^^nO , 

lì; = EF^^VF(t)Q- (4) 
With the ansatz 

(/)n(r) = Ane-'^\ ^{t) = Be-'^- , (5) 
we obtain a set of algebraic equations for the amplitudes: 

LuAn = C{An-l + An+l) + VFBÓnO , 

ujB = EfB + VfAo . (6) 




FIG. 8 (Color online) Fano- Anderson model as a discrete one- 
dimensional system with a single side-coupled Fano state de- 
fect. (a) The array of yellow circles corresponds to a linear 
chains, and the isolated blue circle is the Fano state. Arrows 
indicate the coupling between different states; (b) Transmis- 
sion coeffìcient (p^ for various values of the coupling coeffì- 
cient Vf- Other parameters are C = 1, and = 0; (c) Areas 
of bistability of the nonlinear Fano resonance (dashed line) in 
the parameter space (afc,7fc); (d) Nonlinear transmission co- 
effìcient versus input intensity for various frequencies Uk for 
C = 1, Vf — 0.8, Ef — and A = 1. Regions of bistabil- 
ity are indicated by das hed lines, corres pondin^ to unstable 
Solutions. Adapted from iMiroshnichenko et al J (|200^ ì. 



For a scattering problem, the system (|6|) should be solved 
for frequencies chosen from the propagation band uo = uok 
with the following boundary conditions 



An 



pe 



n < 0, 
n > 0, 



(7) 



where /, r, and t have the meaning of the incoming, 
refìected and transmitted wave amplitudes, respectively. 
From (j6|) it follows 



B = 



VfAq 



(8) 



and fìnally 

iJkAn = C{An-l + An^i) + 



^^AoSno . (9) 



uJk — Ef 



The main resulting action of the Fano state is that the 
strength of the effective scattering potential Vp / {cok — 
Ef) resonant ly depends on the frequency of the incom- 
ing wave cok' If Ef lies inside the propagation band of the 
linear chain \Ef\ < 2C, the scattering potential will be- 
come infìnitely large for cokp = Ef, completely blocking 
propagation. Therefore meeting the resonance condition 
leads to a resonant suppression of the transmission, which 
is the main feature of the Fano resonance. 

The transmission coeffìcient T = 1^//^ can 
be co niputed by using the transfer matrix ap- 
proach ( Tong et "a/]J 19991 ), and expressed in the following 
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forni (|Miroshnichenko et al\ . l2005bl ) 



(a) 



T = 



1' 



(10) 



where 



Ck{EF-uJk)/V^. Ck = 2Csmk. (11) 



Transmission vanishes at cok = Ep. The expression of 
the transmission coefìicient (fTQ|) corresponds to the Fano 
formula ([1]) wht <7 = 0, where a/c corresponds to the di- 
mensionless energy, and Ef ìs the resonant frequency. 
The Fano state is an additional degree of freedom which 
ahows waves propagating in the chain to interfere with 
those propagating through the discrete state. 
The width of the resonance is defined as 



C sin kp 



(12) 



where kp is the wavenumber at the resonance, Ep = (jOkp- 
The width of the resonance is proportional to the square 
of the couphng strength Vp. 

The Fano- Anderson model (|3]) is perhaps the simplest 
one-dimensional model, which shows up with a Fano res- 
onance. Since its asymmetry parameter (? = 0, the loca- 
tion of the maximum in the Fano profìle is tuned to infìn- 
ity. The essence of the Fano resonance - destructive inter- 
ference - is therefore not encapsulated in an asymmetric 
scattering profile with both a maximum and a minimum. 
It is the minimum which is generated by interference 
along several propagation pathes. Due to its analyti- 
cal simplicity the model may serve as a guideline for the 
analysis of more complicated phy sical model s. There are 



many variations of this model (Burloni et a/.Ll2QQ5, 2QQQ ; 



IChakrabartil . l2QQ6l : iMiroshnichenko and Kivshad . l2QQ5al ) 
studied recently. 



(c) 




FIG. 9 (Color online) Variations of the Fano- Anderson model, 
(a) Schematic view of the Fano- Anderson model with an ad- 
ditional defect in the chain. (b) Transmission coefficient for 
different distances between the Fano site and the additional 
defect for parameters C = 1, Vf = 0.5, Ep = 0, and El = 1. 
(c) Schematic view of the Fano- Anderson model with a locally 
coupled A/'-defect chainlet. (d) Transmission coefficient of the 
A/'-site chainlet model. Ali sites in the chainlet are identical 
and with zero eigenfrequencies Em — 0, a nd the couplings are 
C — V m — 1- Adapted from IMiroshnichenko and Kivsharl 
([2005^). 



Note that the maximum of the transmission does not 
need to reach the vaine T = 1. This incomplete con- 
structive interference is due to additional phase accumu- 
lation along the propagation distance between two de- 
fect s. It does not affect the destructive interference, at 
which strictly T = 0, confirming that T = is the only 
necessary and sufficient result of destructive interference 
and the Fano resonance. 



B. Tuning the asymmetry parameter 

The Fano-Anderson model (|3]) describes the resonant 
suppression of the transmission with a symmetric line- 
shape {q = 0), emphasizing the main property of the 
Fano resonance which is destructive interference (reso- 
nant reflection). It can be easily extended in order to 
obtain a nonzero asymmetry parameter q with asymmet- 
ric lineshapes, such that both resonant suppression and 
resonant enhancement of the transmission will be located 
dose to each other. Introducing a defect EL(l)L^nL in the 
main array ^ [see Fig. [9l(a)], both pathes for scatter- 
ing waves will yield phase shifts. As a result, both con- 
structive and destructive interference phenomena may 
coexist, generating asymmetric transmission profìles [see 
Fig.[9jb)]. As observed in Fig.[9](b) the sign of the asym- 
metry parameter q alternates with the distance between 
the side-coupled defect and the de fect in the main ar- 
ray ( which is known as g'-reversal (|Kim and Yoshiharal , 

sign(c^ - u T_ J = (-1)^. (13) 



C. Many resonances 

Consider now a replacement of the Fano site 
in the Fano-Anderson model b y a finite c h ainlet , 
consistine of N coupled s i tes (iBurioni et olì , l2QQ5l : 
IMiroshnichenko and Kivsharl . l2QQ5a| ) [see Fig. ID^c)]. If 
the chainlet is decoupled from the linear discrete chain, 
the standing waves of the chainlet will give rise to TV 
eigenfrequencies. Once the chainlet is coupled back to 
the linear discrete chain, each of the standing waves 
will provide with an additional path for a propagating 
wave, leading to a variety of interference phenomena. 
The finite chainlet could be considered as an approxi- 
mation of a compl ex A/'-level system, such as a quantun i 
dot, for example. Mir oshnichenko and Kivs har (200531) 
showed that, in general, there are exactly N total re- 
flection (T = 0) and N — 1 total transmission (T = 1) 
resonances [see Fig.[9fd)]. Each frequency of the total re- 
flection corresponds to an eigenfrequency of the chainlet 
standing wave, and each total transmission corresponds 
to an eigenfrequency of the chainlet with (A^ — 1) sites. 
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indicateci in Fig. [9]^c). Tt resonances some particular 
eigenstates of the side-coupled chainlet are excited. 

Many other inhomogeneous netw orks were considered 
to design various topologica! filters ( Burioni et ali , I2QQ5L 
[2OO6). One can even plant Cayley trees into a discrete 
array and gather very well pronounced Fano resonances 
[see Fig.HOja)]. 



D. Nonlinear Fano resonance 

The Fano state ampUtude becomes largest 

|Bmax|'=4l^||/|Vr', (14) 

exactly at the resonant vaine of the wave number kp^ 
and it diverges (and is therefore much larger than the 
amplitudes in the chain which are bounded by /) in the 
limit of small coupling strength Vf- 

Whatever the physical origin of the waves whose scat- 
tering is studied, large amplitudes cali for corrections 
- either many-body interactions in a quantum setting, 
or nonlinear response corrections in a classica! setting. 
Notably these corrections apply in first order only for 
the Fano state. Ta king the classica! setting, n onlin- 
ear Fano resonances (IMiroshnichenko et ali l2QQ5bf ) were 
studied by introducing nonlinear corrections to the evo- 
lution equation for the Fano state only (|6]) 



jB = EfB + \\B\^B + VfAq 



(15) 



The nonlinear trans mission coefììcient can be expre ssed 
in the following form (jMiroshnichenko et al\ . l2005bl ) 



1 ' 



(16) 



where x = — cot 5{k) is a function of the scattering phase 
J(/c), and satisfìes the cubie equation 



{x^ + l)(x - a/c) - 7/c = , 



(17) 



with the parameter = -^cH/p/V^. The nonlin- 
ear Fano resonance condition corresponds to x = in 
Eq. (pT|) . which needs the condition 7^ = —ak to be satis- 
fìed [see Fig. [8l^c)]. The transmission coeffìcient depends 
not only on the frequency of the incoming wave cj/c, but 
on its intensity |/p as well. The presence of nonlinearity 
leads to a renormalization of the self-energy of the Fano 
state, and conseque ntly to an intensity-dependen t shift 
of the resonance. IMiroshnichenko et al. 1 (|2QQ5bl ì have 
shown that the nonlinear Fano resonance exists for any 
value of the input intensity |/p [see Fig. El^c)]. There- 
fore, nonlinearity allows to tune the location of the Fano 
resonance by changing the intensity of the input waves. 
In general, there exist up to three solutions of the cubie 
Eq. (pT|) . which will result in bistable transmission [see 
Fig.Hd)]. 
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FIG. 10 Resonant reflection of a soliton in topologica! net- 
works (a) The reflection coeffìcient versus wavenumber k for 
two Cayley trees of length M = 5 (line) and M = 6 (line) 
attached to the discrete array. Empty circles and stars cor- 
respond to direct numerica! simulations of the soliton prop- 
agation. (b) Example of the soliton reflection by a Fano-like 
defect. From .Burioni et al. (2QQ5X 



E. Resonant reflection of pulses and solitons 

So far we discusseci the scattering of monochromatic 
piane waves. Consider a pulse instead which is launched 
towards the scattering region. The more narrow the pulse 
is in real space, the broader is its spectral decomposition 
in Fourier (piane wave) space /c, which is characterized 
by the maximum frequency cOm and the spectral width 
Alo. Each pulse component in Fourier space k will scatter 
as discussed above. The spectral width Auj has to be 
compared with the width of a Fano resonance F. If Alo <^ 

F, tuning com into resonance with a Fano resonance will 
lead to a practically complete reflection of the pulse. If on 
the contrary Alo ^ F, only a narrow part of the spectral 
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component of the pulse will be refiected, while the rest 
wih be transmitted with a spectral hole 'burned' into it. 

If nonhnearities are added into the propagation chan- 
nel, they lead to an interaction between the various piane 
waves constituting the pulse and may ultimately yield 
nondispersing solitons. Th eir scattering by Fano de- 



fects was studied as well (iBurioni et ali I2005L l2006l : 
iMiroshnichenko et al. l l2003l : IWulf and Skalozu 
There are two characteristic time scales important for 
the scattering of solitons. One of them is the time the 
soliton resides in the vicinity of the defect r^s, which is 
inversely proportional to its spectral width Aoo and the 
soliton velocity v. The second one is set by the non- 
linearity. It is the time scale on which the piane wave 
whic h co nstitute th e solit o n inte ract with each other 
Tint (|Miroshnichenko et ali l2QQ3l ì. For fast propagat- 
ing solitons the residence time is much smaller than the 
interaction time r^s <^ Tint- Then, during the scat- 
tering process the soliton can be considered as a set 
of noninteracting piane wave s, and the results of the 
above pulse scattering apply (|Burioni et ali l2Q05l l2006l : 
IMiroshnichenko et ali 120031 ) [see Fig. [lO^b)]. In the op- 
posite case, when the residence time is much larger than 
the interaction time r^s ^ Tint, the nonlinearity-induced 
mode-mode interaction becomes cruciai during the scat- 
tering process. In general a nonlinear interaction between 
many degrees of freedom (modes or piane waves) will lead 
to chaotic dynamics, and consequently to a dephasing of 
individuai piane waves. Therefore phase coherence will 
not be maintained during the scattering, and interference 
effects will vanish. Therefore the Fano resonance should 
quickly deteriorate as the soliton parameters are tuned 
into the region of validity of the second case. This was 
numerically confìrmed bv IMiroshnichenko et ali (2003f ). 



F. Quadratic nonlinearities 

Consider the wave scattering in an array of 
channel waveguides with quadratic nonlinearity 
generate d by periodic poling of several waveg- 
uides ( M iroshnichenko et ali [2QQ5a| ). When the match- 
ing conditions are satisfìed, the fundamental-frequency 
(FF) mode with frequency co can parametrically generate 
a second-harmonic (SH) wave with the frequency 2u; 
[see Fig. fTITa)]. such that a structure with several 
poled waveguides may behave as a nonlin ear defect with 
spatially confìned quadratic nonlinearity ( Iwanow et ali 
[2004). The waveguide array can be described by a 
discrete model of weakly coupled linear waveguides 
with sever al waveguides having a quadratic nonlinear 
respon se ( Iwanow et ali l2004l : IMiroshnichenko et 



l2005al ì. which is very similar to the Fano- Anderson 
model The fundamental mode in this case can be 
considered as a continuum of propagating states, while 
the generated second harmonic can be either extended 
or effective ly localized depending on the phase matching 
condition ( Miroshnichenko et 

M l2005alì . In the latter 




FIG. 11 (Color online) Light scattering in an array of channel 
waveguides with quadratic nonlinearity. (a) Schematic view 
of a one-dimensional array of channel waveguides with non- 
linear defects, created by periodic poling. Arrows indicate 
the scattering process. (b) Comparison of the transmission 
coefficients of piane waves (solid line) and a Gaussian beam 
(crosses). Bottoni: Example of the Gaussian beam scattering 
by a single nonlinear defect showing the resonant reflection 
part of the beam at the fundamental frequency (c), and res- 
onant excitation of the secon d harmonic (d). Adapted from 
IMiroshnichenko et al\ (|2005al ì. 



case the excited second harmonic will act as a discrete 
state in the continuum, leading to the appearance of a 
Fano resonance in the transmission [see Fig. [TTlfb)]. Re- 
sults of the direct numerical simulations of the Gaussian 
beam scattering are in a good agreement with the piane 
wave analysis [see Fig. fUTb)]. Figures [TTlf c.d) show 
the evolution of the fundamental and second harmonic 
of the Gaussian beam scattering at resonance. A part 
of the fundamental harmonic of the Gaussian beam is 
resonantly refiected by a single nonlinear defect [see 
Fig- fTTTc)]. Since the spectral width of the Gaussian 
beam is larger than the width of the resonance some 
part of the beam stili propagates through the defect. 
During the scattering the second harmonic is resonantly 
excited [see Fig. fTTT d)]. After the scattered beam parts 
leave the defect region, the second harmonic persists in 
a self-sustained form. 



IV. MODELING: COMPLEX DYNAMICS 

Several propagation pathes and interference phenom- 
ena can be generated not only by imprinting complex 
geometries, but also by using complex dynamics. Non- 
linear wave excitations, e.g. discrete solitons, when scat- 
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tering small amplitude waves, generate several propaga- 
tion pathes purely dynamically. The reason is that the 
scattering potentials are time-dependent (in fact usuahy 
time-periodic). The amphtude and the tempora! period 
can be tuned by con trohing the characteristics of the 
nonhnear exci t ation s (lEmmanouihdou and R,eichll . l2002l : 
iLi and Reichl . Il999l : iMartinez and Re icht '2Q QlD. Total 
resonant reflection was also observed (Bagweh and Lakd . 

This is because the time-periodic scattering po- 
tential generates several harmonics. In general, these 
harmonics will correspond to open and closed propaga- 
tion channels, respectively. The presence of such dynam- 
ically generated channels is equivalent to a locai increase 
of the spatial dimensionality, discussed in the previous 
Section. In other words, each new channel generates an 
alternative pathway for the scattering wave to propagate. 
The spectrum of excitations in each additional closed 
channel may contain discrete (localized) states, which 
happen to resonate with the continuum of the originai 
open channel. As a result, Fano resonances can be ex- 
pected, where the Fano state is the discrete state from a 
dynamically generated closed channel. 



A. Scattering by discrete breathers 

Discrete breathers (DBs) are known as time-periodic 
and spatially localize d solut io ns o f nonlinear wave equa- 
tions on lattices kubrvl. I1997I: iFlach and Gorbachl . 
l2QQ8l : lFlach and Willisl . 1 19981 : iMacKav and Aubrvl . ll994l ì. 
They originate from a constructive interplay between 
nonlinearity and discreteness. DBs exist independent 
of the lattice dimension, and are not relying on inte- 
grability properties. In return, these excitations can 
not freely move through lattices. Therefore, they act 
as scattering centers for small amplitude piane waves. 
Tuning the amplitude of the DB excitation, one tunes 
its temporal period, and ali other characteristics of 
the resulting time-periodic scattering potential. DBs 
were detected and studied experin ientally in in t eract- 
in^ Joseph s on ju nction networks (|Binder et ali |2QQQ| : 



iTrias et al.. |2QQQ|ì. coupled nonlinear optical waveg- 



uides ( Eisenberg et ali 19981) , lattice vibrations in crys- 
tals (ISwanson et a/.L Il999lì . anti-ferromagnetic struc- 
tures (ISchwarz et ali 1999lì . micro-mechanical cantilever 
arrays (Sat o et 'olì . l2QQ3l ) , Bose-Einstein condensates 
loaded on op tical lattices ([Eiermann et ali [2004 ). and 



many others (|Flach and GorbacM 120081 ). 



Resonant scattering of piane waves by DBs was stud- 
ied and showed Fano resonances with zero transmission 



T = (IFlach 


L et al. 


2003allbl: Kim and Kiml. 200d I2OOII: 


iLee and Kim 


. 2000b 


: Miroshnichenko et a/.l. l2005d). Be- 



low we will demonstrate the concept using a particular 
example of wave scattering by DB s in the discrete no n- 
linear Schròdinger model (DNLS) (jFlach et a/.L l2003b[ ). 
The equations of motion for the DNLS are given by 



where n is an integer labeling the lattice sites, is 
a complex scalar variable and C describes the nearest 
neighbor interaction (hopping) on the lattice. The last 
term in (p!8|) is a cubie nonlinearity. For small amplitude 
waves ^n(^) = ee^^^^^~^^^ the dispersion relation 



-2C cos k 



(19) 



follows from Eq.([T8j). 

The DNLS model supports DB solutions with a single 
harmonic 



7 A\n\^- 







(20) 



where the time-independent amplitude Àn can be taken 
real valued, and the breather frequency 7^ uok is some 
function of the maximum amplitude Àq. The spatial lo- 
calization is given by an exponential law An ~ e"'^'"^' 
where coshA = \Qi)\/2C. Thus the DB can be approx- 
imated by a single-site excitation if ^ C. In this 
case the relation between the single-site amplitude Àq 
and becomes = Àq. In the following, the DB am- 
plitudes for n 7^ will be neglected, i.e. A^^o ^ 0, since 
i±i ^ {C/nb)Ào < Ao. 

Let US perturb the breather solution with small fluctu- 
ations ^n(^) 



^n(t) = ^n(t)+</>n(t) 



(21) 



and substitute this ansatz into (p!8|) . Linearization in the 
small fluctuating perturbation leads to the following set 
of equations: 



i(j)n = C(0n+1 + 0n-l) + 1^6^^n,o(20O + e 



ro) (22) 



with 6n,m being the Kronecker symbol. The DB gener- 
ates a scattering potential that consists of two parts: a 
static (de) one, which depends on the breather intensity 
only ~ = Aq, and a dynamical (ac) one, which de- 
pends periodically on time ~ 1^56"^*^^^ With the two 
channel ansatz 



(23) 



= C(\E'„+i + *„_i) + |*„P*, 



(18) 



Eq. ([22|) is reduced to a set of algebraic equations for the 
complex channel amplitudes Xn and Yn 

- ujXn = C(Xn+i + Xn-i) + n,ón,o{^Xo + Yo) , (24) 
{2n, + Lj)Yn = C(rn+i + Yn-i) + n,ón,o{^Yo + Xo) .(25) 

For propagating the frequency co should be chosen from 
the propagation band uJk- As a result, the channel Xn 
supports extended waves, while for Yn channel does not, 
since the freq uency —(2Q i ) -\-Ua) is outside the propaga- 
tion band ("F lach et a/.Ll2003b h [see Fig.[T2Ka)]. There- 
fore the scattering takes place with an open channel Xn 
which interacts with a closed channel Yn. 

Let US consider the more general set of equations 

- COkX^ = C(X„+i + X„_i) - SnMVxXo + VaYo) , (26) 

(fi + u;fc)y„ = C(i;+i + r„_i) - 5„,oiVyYo + K^o) ,(27) 
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FIG. 12 (Color online) Time-periodic scattering potentials. 
(a) Schematic view of the open channel X and closed chan- 
nel Y from the Eqs. (|24ti26p . The dashed line indicates the 
localized state of the closed channel Y inside the open chan- 
nel X; (b) Schematic view of the virtual states, generated by 
a possibly infinite number of harmonics of the time-periodic 
scattering potential. 



which can be reduced to Eq. (|24|) with the following pa- 
rameters Q = 21^5 and Vx = Vy = 2Va = —21^5. For 
Va = the closed channel Yn possesses exactly one local- 
ized eigenstate 



Yr> = Fe-^l^l 



with eigenfrequency 



iy) 



(28) 



(29) 



The transmi s sion co efficient for the general case Va ^ ^ 
(|Flach et a/.Ll2QQ3bl ì 



4 sin^ k 



a = 



(^2cosA:-a- +4sin^A: 

-UJk^Vx , Vt^Uk^Vy Va 



c 



C 



From Eq. (|3Q|) it follows that the transmission coefficient 
vanishes, when the condition 



2 - òr? = 



(31) 



is satisfied, which is equivalent to requesting the reso- 
nance condition 



— 



(32) 



The conclusion is, that total reflection takes place when 
a locai mode, originating from the closed F-channel, res- 
onates with the piane wave spectrum uo^ of the open X- 
channel. The resonance condition is not renormalized 
by the actual vaine of Va- The existence of locai modes 
which originate from the X-channel for nonzero Vx and 
possibly resonate with the closed F-channel is evidently 
not of any relevance. The resonant total reflection is a 
Fano resonance, as it is unambiguously related to a lo- 
cai state resonating and interacting with a continuum of 
extended states. The fact that the resonance is inde- 
pendent of Va is due to the locai coupling between the 
Fano state (originating from the y-channel) and the open 



channel, and originates from the approximative DB solu- 
tion in the limit \Vti)\ ^ C. Corrections to the DB solu- 
tion will increase the range of coupling between the Fano 
state and the continuum, and correspondingly lead to a 
renormalization of the resonance location ( Flach d'olì . 
l2QQ3b[ ). Therefore we conclude, that the resonance loca- 
tion is not signifìcantly renormalized, if the wavelength of 
the propagating wave is large compared to the extension 
of the space region where the coupling be t ween a Fano 
state and a continuum occurs (jFlach et a/.L l2QQ3al ). 

If the closed channel is reduced to the localized discrete 
Fano state Y only, the equations for the amplitudes take 
the form 

-uY = EpY - VaXo . (33) 

The different signs in front of the coupling between the 
chain and the Fano state are due to the fact, that time- 
periodic scattering potentials correspond to eigenvalue 
problems with a symplectic propagator. At var lance, 
complex geometries ([6]) do not leave the grounds of uni- 
tary propagators. Remar kably, these differences in the 
symmetries of the underlying dynamical processes do not 
alter the final result of destructive interference and Fano 
resonances. 

The above analysis leads to a recipe of fìnding the 
position of resonances. One first calculates the local- 
ized states of clo s ed cha nnels decoupled from the open 
one (jFlach et ali l2QQ3al lblì. Switching on the coupling 



again, Fano resonances will take place exactly at the 
eigenfrequencies of the localized states for weak cou- 
pling. For stronger coupling the positions of the reso- 
nances will renormalize. In general, there is an infinite 
number of harmonics of the DB, which generate an in- 
finite number of closed channels (|Flach et ali l2QQ3al lbl) . 
The approach described above is rather generic and can 
be applied to the scattering through many types of os- 



rically driven (by external forcesì (iBaswell and Lake, 


19921: iBoese et al. 


, I2OOOI: Emmanouilidou and Reichl, 


20021: Kiml. 20021: 


Li and R^eichll. Il999l: iLon^hil. 20061: 


Martinez and Reichll. 1200 ih. Ali of them produce simi- 



lar scattering potentials with an open and a number of 
closed channels for small amplitude scattering waves. 



B. Light scattering by optical solìtons 

The above concept of scattering by solitary excitations 
was applied to predict resonant light scattering by opti- 
cal solitons in a slab waveguide with an inho mogeneous 
refractive index core (jFlach et ali l2006l . l2005 h . The soli- 
ton is generated in a nonlinear planar waveguide by a 
laser beam injected into the slab along the direction 
[see Fig. [TST a)]. The soliton beam is confìned in the 

direction by total internai reflection. The localization 
in the X— direction is achieved by a balance between linear 
diffraction and an instantaneous Kerr-type nonlinearity. 
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(a) "source" DB 



"scattering" DB 



"detector" DB 



FIG. 13 (Color online) Light scattering by optical solitons. 
(a) Sketch of the scattering setup by an optical soliton in a 
one- dimensionai waveguide array. The soliton beam is sent 
along the z-axis, while the probe beam propagates in the 
xz-plane at some angle to the soliton; (b) top view of the 
scattering process; (c) transmission coefìicient vs kx for piane 
waves under oblique incidence. There is total suppression of 
the transmission near kx ~ 0.181; (d) Fourier spectrum of 
the incident (dashed line) and transmitted (solid line) beams. 
The suppression of the resonant frequ ency [see plot (c)] i n the 
spectrum is observed. Adapted from iFlach et al.\ (|2005l ì. 



The analogy with the discussed above scattering problem 
by time-periodic potentials comes from the possibility to 
interpret the spatial propagation along the direction 
as an artifìcial time (Agrawal, 1995). Thus, the propaga- 
tion Constant of the soliton can be considered as the fre- 
quency of the breather. The evolution of the soliton enve- 
lope function satisfìes the nonlinear Schròdinger equation 
(NLS), the continuum analog of Eq. ([18]) (|Flach et ali 
[2005). The analysis of the scattering problem is simi- 
lar to the above discussed one. Figure [T3lf c) shows the 
dependence of the transmission coeffìcient for oblique in- 
cident light for various kx wavenumbers. It results in a 
Fano resonance for piane waves at kx ^ 0.181, where the 
transmission coefìicient vanishes. This result has been 
confìrmed by direct numerical simulations of a propagat- 
ing sma ll-amplitude wavep acket scattered by the optical 
soliton (i Flach et ali 120061 ) [see Fig. [Hj^b)]. The Fourier 
spectrum of the transmitted wavepacket reveals that the 
resonant wavenumber kx ~ 0.181 was fìltered out from 
the initial wavepacket [see Fig. [T3lfd)]. Such a spectral 
hole burning effect can be used as a characteristic feature 
for the detection of the Fano resonance in an experimen- 
tal setup. 



C. Plasmon scattering in Josephson junction ladders 

Another theoretical prediction concerns the plasmon 
wave scattering by DBs in Josephson junction ladders 
(JJLs). JJLs are formed by an array of small Josephson 
junctions that are arranged along the spars and rungs 




3.8 4 4.2 
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FIG. 14 (Color online) Plasmon scattering by discrete 
breathers in Josephson junction ladders. (a) Schematic setup 
for the measurement of plasmon scattering with the use of 
controlied bias currents 7^; (b) Oscillating power Pac,R at the 
right end with (red solid line) and without (blue dashed line) 
the DB; (c) Transmission coef ìicient T, derived from (b) b y 
using Eq. ([3i|) . Adapted from iMiroshnichenko et~alì (|2005d ì. 



of a ladder [see Fig. [T4lf a)]. Each junction consists of 
two small weakly coupled super conducting islands. The 
dynamical state of a junction is described by the phase 
difference (j){t) (Josephson phase) of the superconduct- 
ing order parameters of two neighbouring islands. When 
the difference does not vary in time (j){t) = consta the 
junction is traversed by a superconducting current only, 
with zero voltage drop. Otherwise, the junction is tra- 
versed in addition by a resisitive current component with 
a nonzero voltage drop V oc (J){t). It was observed ex- 
perimental ly that JJ Ls support dynamic localized states 
(DBs) (Bin der et a /]. [2000: Trias et al, 2000). A discrete 
breather is characterized by a few junctions being in the 
resistive state {(p) 7^ while the others reside in the su- 
perconducting state ((/)) = 0. The frequency of a DB is 
proportional to the averag^ e voltage drop across t h e resis - 
tive junctions oc (^). IMiroshnichenko et al\ (|2005c[ ) 
have recently proposed an experimental setup to measure 
Fano resonances in that transmission line. Small ampli- 
tude waves are generated in a JJL with open ends by ap- 
plying locally a time-periodic current 71 (t) = 7ac cos{ujt). 
The locai current acts as a locai parametric drive. It ex- 
cites edge junctions at a frequency co. This tail extends 
into the ladder. To monitor the linear wave propaga- 
tion in the system ,the time-averaged oscillation power 
Pac,n = {(pn) mcasurcd. The transmission coeffìcient 
can be obtained by relating the oscillation power at the 
right boundary with and without an excited DB in the 
system 



Pac,i^(with DB) 
i^ac,i?(without DB) 



(34) 
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Figures fMlf bx) show the presence of resonant suppression 
of the transmission coeffic ient for particular frequencies 
uj. The analysis in Ref. ( Miroshnichenko et a/.L l2QQ5c[ ) 
reveals that they correspond to Fano resonances, which 
originate from locahzed states of closed channels of the 
time-periodic scattering potential which is generated by 
the DB. 



D. Matter wave scattering in Bose-Einstein condensates 

Over the last couple of years, it has been shown 
that optical lattices, generated by counter-propagating 
laser beams and providing a periodic potential mod- 
ulation for the atoms, introduce many interesting 
and potentially useful effects by modifying single 
atom properties and enhancing; co rrelations between 
atoms (jMorsch and Oberthalerl . l2QQ6h . Using about 1000 
^^Rb atoms in a quas i one- dimensionai optical lattice, 
lEiermann et al\ ( 20041 ) obtained a spatially localized 
Bose-Einstein condensate (BEC) which is an experimen- 
tal manifestation of a gap soliton, or a discrete breather. 
The solitary state exists due to the atom-atom interac- 
ti on, which can be tune d in various ways experimentally. 

IVicencio et al\ ( 20071 ) considered a BEC on a lattice, 
where interactions between atoms are present only in 
a very localized region (see Fig. [T5|) . Such a situa- 
tion could be realized experimentally by combinine op- 
tical l attices wit h atom-chip technology ( Hànsel et a/.l . 



I2OOII : lOtt et g/]. I2QO1I) or in optical micro-lens ar- 
rays ( Dumke et alV I2OO2I ). The system is described by 



the discrete nonlinear Schròdinger (DNLS) equation, a 
classical variant of the Bose-Hubbard model appropriate 
for a BEC i n a periodic potential i n the tight binding 
limit (M orsch and Oberthalerl . [2OO6I ). With interactions 
being present only on site number ne, it follows 



i — — 

dt 



n+l 



(35) 



where is the complex amplitude of the condensate 
fìeld at site n and —7 = [// J is the interaction strength 
on site ne, where J is the tunneling energy between the 
lattice cites and \J is on-site interaction energy per atom. 

Equations (|35|) support a localized state ^n(0 = 
^^|n-nc| ex.-p{—iEi)t)^ where x — —^(£^5+^) with g = 76^, 
b is the condensate amplitude and £^5 = — (4 + g^Y^'^ is 
the chemical potential. 

The scattering of propagating atomic matter waves 
with the energy E]^ = — 2cos/c by this localized BEC 
were calculated analytically withi n the framewor k of th e 
Bogolyubov-DeGenne equations (IVicencio et ali l2007h . 
The transmission T{k) is shown in Fig. [16] for three val- 
ues of g (solid curves). As g increases, the width and 
the position of the resonance increase. Furthermore, the 
more localized the BEC becomes, the stronger it reflects 
the atom beam off resonance. By tuning the nonlinear 
parameter g, we can thus choose the amount of the beam 
which passes through the BEC. Off resonance (for larger 
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FIG. 15 (Color online) Scattering scheme in an optical lattice. 
The incoming, reflected, and transmitted beams of atoms are 
represented as piane waves. The atoms interact only around 
n = ne, where the BEC is centered. From Vicencio et ali 
(120071). 




FIG. 16 (Color online). Transmission T versus momentum 
k. Lines: analytic solution, symbols: real time numerical 
simulations of Eq. (|35)) using wave packets for ^ = 0.36 (line 
and boxes), g = 0.6 (line and dianionds)^ and g = 0.9 (line 
and triangles) . From IVicencio et ali ([2C 



values of /e), we can select the percentage of the incoming 
beam that is transmitted for a defìned quasi-momentum. 
Therefore, the actual setup can be used as a 100% block- 
ade or as a select ive fìlter. 

The analytical results have been confìrmed by numer- 
ical simulation of Eq. (|35|) with a Gaussian atom beam 
profìle. The results are shown in Fig. [16] by the sym- 
bols for three different values of the parameter g. The 
agreement between theory and simulations is very good. 



V. LIGHT PROPAGATION IN PHOTONIC DEVICES 

Optical microcavity structures are of great interest 
for de vice applications, and many of these structures 
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FIG. 17 Schematic setup for (a) a waveguide directly coupled 
to a cavity and (b) a waveguide side-coupled to a cavity. 



involve coupling of one or several cavities to a waveg- 
uide. Such waveguide- cavity systems can naturally ex- 
hibit Fano resonances with high quality factors, and they 
can be used for optical modulations and switching. The 
on/off switching functionality can be realized by shifting 
the resonant frequency either toward or away from the 
signal frequency. 

The basic geometry of a waveguide- cavity system 
which demonstrates a sharp Fano resonance h as been 
introduced and analyzed in Refs. (|Haus and Lail , Il 99 il : 
IXu et a/.l l2QQQh. It consists of a waveguide coupled to a 
cavity (or resonator). In general, two-port photonic de- 
vices based upon waveguide-resonator interaction can be 
presented in two geometries, as shown in Figs. [TTlf a.b). 
The first confìguration is based on a direct- co upling 
geometry ( Marin Soliacic and JoannopoulosI , I2QQ2), and 
the second geometr y is a waveguide side coupled with a 
single-mode cavity (|Xu et a/.L [2QQQI : lYanik et a/.Ll2QQ3al ). 
Such structures are tunable by adding cavities with non- 
linear response or by employing an external control. 
Below, we review the basic properties of the simplest 
waveguide-cavity systems, and discuss several general- 
izations including all-optical switching structures based 
on the concepts of Fano resonances. 



A. Green's function formalism 

The Green's function ap- 

proach ([Mingaleev and Kivshad . l2QQ2al lblì allows to 
obtain very accurate results in comparison to the 
time-consuming direct numerical finite-difference time- 
domain (FDTD) simulations, even for rather complex 
geometries of the waveguide-cavity systems. To derive 
the corresponding equations, one takes the explicit 
temporal dependencies into account which allow one to 
study the pulse propagation and scattering. 

We consider a photonic crystal created by a periodic 
square lattice of infinite cylindrical rods parallel to the z 
axis. We neglect the material dispersion and assume the 



dielectric Constant e(r) to be periodic in two transverse 
directions, r = (x^y). The evolution of the ^-polarized 
electric fìeld propagating in the (x, y) piane is governed 
by the scalar wave equation 



1 



V^^,(r,r) - [e(r)^,(r,r)] = 



(36) 



where = 9^ + 9^. We assume that the light field 
propagating in such structures can be separated into fast 
and slow components, E^if^r) = e~'^^^ E(f^T\ijj\ where 
£^(r, t\uj) is a slowly varying envelope of the electric field, 
i.e. d'^E{f^T\{jj) <C ijjdtE(f^T\(jj). This allows to simplify 
Eq. (|36|) to the following form 



ór 



Both the straight waveguide and the side-coupled cav- 
ity are created by introducing defect rods into a per- 
fect two-dimensional periodic structure. Therefore, the 
dielectric Constant can be represented as a sum of two 
components, describing the periodic and defect struc- 
tures e(r) = epe + ^e. We employ the Green's function of 
the two-dimensional periodic structure without defects, 
and rewrite Eq. (|37|) in the integrai form 

E(x,t|c^) = / d2yG(x,y|a>)LE(y,T,c^) , (38) 



where we introduce the linear operator 

. 2 

. e 



L 



(39) 



and consider the time evolution of the slowly varying 
envelope as a perturbation to the steady state. 

The defect rods introduced into the periodic structure 
can formally be described as follows: 



Se{f) = ^ [Se(^l+x'^^^\E{^,T\u;)f] ^(x 



X70 



,(40) 



where we use the ^-function to describe the position of 
a defect rod at site n, m, with ^(x) = 1 for x inside the 

defect rods, and ^(x) = otherwise. 6elri]n is the varia- 
tion of the dielectric Constant of the defect rod {m^n). 
Importantly, this approach allows us to incorporate a 
nonlinear response in a straight forward manner, which 
is assumed to be of the Kerr type being described by the 
term x^^M^l^- 

Substituting Eq. (|4Q|) into the integrai equation (|38|) 
and assuming that the electric fìeld does not change in- 
side the dielectric rods, we can evaluate the integrai at 
the right hand side of Eq. (|38|) and derive a set of discrete 
nonlinear equations 
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E ri 



^k,l 



(41) 
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FIG. 18 Schematic view of (a) photonic crystal waveguide 
with an isolateci side-coupled cavity, and (b) effective discrete 
system, (c) Typical profile of the Fano resonance. 
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FIG. 19 Light propagation in a photonic crystal waveguide 
with a side-coupled cavity. (a) Photonic crystal waveguide 
formed by removing a single row of rods. Within the line 
defect there are two smaller rods. A point defect, created by 
reducing the radius of a single rod, is placed away from the 
waveguide. (b) Transmission spectra through the structure 
(a) with (soUd) a nd w i thout (dashed) the two defects in the 
waveguide. From [Fani (|2002l ì. 



l2QQ5bl ì. 

In a general case, the effectiv e interaction between de- 
fect rods is of long-range nature ( Mingaleev and Kivsharl , 
l2QQ2bl : |Mingaleev et al}, '2000'). However, the coupling 
strength decays exponentially with the distance and, as 
a result, for coupled-resonators optical waveguides the 
specific discrete arrays with nearest-neighbor interactions 
(at 1/ = 1) give already an excellent agreement wit h d i- 
rect FDTD simulations (jMingaleev and KivsharlJ2002bl ). 



B. Defects in the waveguide 



for the amplitudes of the electric fìeld En,m{^\^) = 
E{-Xn^rn^'T\u;) calculatcd at the defect rods. The param- 
eters a and Jk,i{^) are determined by using the corre- 
sponding integrals of the Green's function, where the 
whole Information about the photonic crystal dispersion 
is now hidden in their specific frequ ency dependencies , 
which can be found i n Refe . (Mingaleev and Kivsharl . 
I2OOII : iMingaleev et ali l2006l ì. In this way, the Green's 
function needs to be calculated only once for a given pho- 
tonic str ucture, e.^. by emp l oyin^ the approach outlined 
in Ref. (|Ward and PendrvI , Il998h , and then it can be 
used to study any photonic circuit in that structure. 

For the simple system when the photonic crystal 
has a waveguide side coupled to a single defect see 
Fig. fTSlf a)]. the problem describes a discrete system stud- 
ied earlier [see Fig. [TST b)], and the transmission shows 
a Fano resonan ce [see Fi g . [TSTc)], analyzed in details 
in Refs. (Mingaleev et ali l2006l : iMiroshnichenko et ali 



The two basic geometries shown in Figs. [TTT a.b) can 
be further improved by placing partially reflecting el- 
ements into the waveguides (Fan, 2002; Khehf et'all, 
|2003( ). These elements allow creating sharp and asym- 
metric response line shapes. In such systems, the trans- 
mission coefìicient can vary from 0% to 100% in a fre- 
quency range narrower than the full width of the reso- 
nance itself. 

To illustrate the effect of defects. Fan (If^ . |2002[ ì simu- 
lated the response of the structure shown in Fig.[T9lfa) us- 
ing a FDTD scheme with perfectly matched layer bound- 
ary conditions. A pulse is excited by a monopole source 
at one end of the waveguide. The transmission coefìicient 
is then calculated by Fourier transforming the amplitude 
of the fields at the other end, and is shown as a solid line 
in Fig.[T9lfb). In comparison, the transmission spectra for 
the same structure, but without the two small cylinders 
in the waveguide, is shown by a dashed line. 

Importantly, no detailed tuning of either the resonant 
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frequency or the coupling between the cavity and the 
waveguide is required to achieve asymmetric hne shapes. 
Also, since the reflectivity of the partiahy reflecting ele- 
ments need not to be large, the under lying physics here 
differs from typical coupled-cavity systems, and resem- 
bles Fano resonances involving interference between a 
continuum and a discrete level. 



C. Sharp bends 

One of the most fascinating properties of photonic 
crystals is their abihty to guide electromagnetic waves in 
narrow waveguides created by a sequence of hne defects, 
including hght propagation through extremely sharp 
wave guide bends with nearly perfect p ower transmis- 
sion (|Lin et ali Il998l : iMekis et ali Il996l ì. It is beheved 
that the low-loss transmission through sharp waveguide 
bends in photonic crystals is one of the most promising 
approaches to combine several devices inside a compact 
nanoscale optical chip. 

Interestingly, the transmission through sharp bends 
in photonic crystal waveguides can be reduced to 
a simple model with Fano resonances, where the 
waveguide bend hosts a s pecifìc localized defect. 
iMiroshnichenko and Kivsharl (|2QQ5bl ) derived effective 
discrete equations for two types of the waveguide bends 
in two-dimensional photonic crystals and obtained exact 
analytical solutions for the resonant transmission and re- 
flection. 



D. Add-drop filters 

Fano resonances can be employed for a variety of pho- 
tonic devices based on resonant tunneling. In particular, 
if two waveguides interact through a coupling element 
which supports a localized mode, a channel add-drop fil- 
ter can be re alized via the resonant tunneling between th e 
waveguides (iFan et al\ . Il998l . Il999l : ISoliacic et ali l2QQ3l ì. 
The schematic diagram of a generic coupled system of 
this kind is shown in Fig. [2Qlfa). At Fano resonance, the 
propagating state excites the resonant modes, which in 
turn decay into both waveguides. The transmitted signal 
in the first waveguide is made up of the directly propa- 
gating signal and the signal which originates from the 
second path which visits the coupling region. In order 
to achieve complete transfer from one waveguide to the 
other one, these two signal components must interfere de- 
structively. The reflected amplitude, on the other hand, 
originates entirely from the second path into the cou- 
pling region. Hence, at least two states in the coupling 
region are needed to achieve also destructive interference 
of backscattered waves in the first waveguide. With these 
conditions satisfied, one may resonantly transfer the ex- 
citation from the first into the second waveguide . 

This concept was developed by iFan et al\ (|l998[ ) 




-MAX 



MAX 



FIG. 20 (Color online) Add-drop filter. (a) Schematic di- 
agram of two waveguides coupled through an element which 
supports a localized resonant state, (b) Electric fìeld pattern 
of the photonic crystal at the resonant frequency. The white 
circles indicate the position of the rods. From iFan et aU 
(|l998l ì. 



dimensionai photonic crystal. To realize this concept, 
they used two photonic crystal waveguides and two 
coupled single-mode high-Q cavities, as shown in Fig- 
ure [20l^b). The photonic crystal is made of a square lat- 
tice of high-index dielectric rods, and the waveguides are 
formed by removing two rows of dielectric rods. The cav- 
ities are introduced between the waveguides by reducing 
the radius of two rods. The resonant states have different 
symmetry. An accidental degeneracy, caused by an ex- 
act cancellation between the two coupling mechanisms, is 
enforced by reducing the dielectric Constant of four spe- 
cific rods in the photonic crystal. The cancellation could 
equally have been accomplished by reducing the size of 
the rods instead of their dielectric Constant. 

Figure [2Qlf b) shows the field pattern at resonance. The 
quality factor is larger than 10^. The backward trans- 
ferred signal is almost completely absent over the entire 
frequency range. 

This type of four-port photonic crystal systems can 
be employed for optical bistability, being particularly 
suitab le for integration w ith other active devices on a 
chip (.Soljacic et ali l2QQ3h . A similar concept can be em- 
ployed for the realization of all-optical switching action 
in a nonlinear photonic crystal cross- waveguide geometry 
with instantaneous Kerr nonlinearity. There the trans- 
mission of a signal can be rever s ibly sw itched on and off 
by a control input ( Yanik et ali l2QQ3bl ). 



for the propagation of electromagnetic waves in a two- 



E. All-optical switching and bistability 

A powerful principle that could be explored to imple- 
ment all-optical transistors, switches, and logicai gates 
is based on the concept of optical bistability. The use 
of photonic crystals enables the system to be of a size 
of the order of the wavelength of light, consume only 
a few milliwatts of power, and have a recovery and 
response time smaller than 1 ps. Several theoretical 
and experimental studies explored nonlinear Fano 
resonances for designing opti mal bistable switch i ng in 
nonlinear photonic crystals ( Cowan and Youn^ . l2QQ3l : 
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FIG. 21 (Color online) Electric field distributions in a pho- 
tonic crystal for (a) high and (b) low transmission states. 
Red and blue colors represent large positive or negative elec- 
tric fields, respectively. The same color scale is used for both 
panels. The bla ck circles ind i cate th e positions of the dielec- 
tric rods. From lYanik et aÙ (|2003al ì. 



Maes et al. I2QQ8I: Marin Soliacic and Joannopouloe 



Mingaleev and Kivshar, 2002b; Minga leev et ali 
2006; Yanik et al.^ 2003a). A photonic crystal 
provides an optimal control over the input and output 
and facilitates further large-scale optical integration. 

The main idea of using the Fano resonance for all- 
optical switching and bistability is quite simple: One 
should introduce an element with nonlinear response and 
achieve nonlinearity-induced shifts of the resonant fre- 
quency, as was discussed above for discrete models. Thus, 
by employing nonlinear Fano resonances we can achieve 
bistability in many of the device structures suggested on 
the photonic-crystal platform. For example, for the side- 
coupled geometry shown in Fig.fTTlfb), one could take ad- 
vantage of the interference between the propagating wave 
inside the waveguide and the decaying wave from the cav- 
ity, to greatly enhance achievable contrast ratio in the 
transmission between t he two bistable stat es. This ap- 
proach was realized by 'Yani k et"a/] (|2003a f) who demon- 
strated that such a configuration can generate extremely 
high contrast between the bistable states in its transmis- 
sion with low input power. 

One of the great advantages in using nonlin- 
ear photonic-crystal cavities is the enhancement 
of nonlinear optical pr ocesses, includin e non- 
linear Fano resonance rtBravo-Abad et al. 1, I2OO7I : 
ISoljacic and Joannopoulosl l2004j ). Such an enhancement 
can be very efìicient in the regime of the slow-light prop- 
agation, that was demonstrated experime ntally with the 
small es t achi eved group velo city c/1000 (iGersen et ali 



20051: iJacobsen et al . 



2005; iNotomi ali , | 20Q l| 

Vlasov et a/.Ll2005l ). Because of this success, the interest 
in slow-light applications based on photonic-crystal 
waveguides is rapidly growing, and posing problems of 
a design of different types of functional optical devices 
which would efìiciently operate in the slow-light regime. 

Recently, iMingaleev et ali (l2007l ) have studied the res- 
onant transmission of light through a photonic-crystal 
waveguide coupled to a nonlinear cavity, and demon- 
strated how to modify the structure geometry for achiev- 
ing bistability and all-optical switching at ultra-low pow- 
ers in the slow-light regime. This can be achieved by 
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FIG. 22 (Color online) Ultra-low all-optical switching in the 
slow-light regime, (a) Quality factor Q vs. group velocity Vg 
at resonance for the waveguide- cavity structure. (b) Nonlin- 
ear bistable transmission at the frequencies with 80% of linear 
light transmission vs. the incoming light power for different 
values of the rod radius; (c) Switch-off bist ability threshold 
vs. th e group velocity at resonance. From IMingaleev et ali 
([2003). 



placing a side-coupled cavity between two defects of a 
photonic-crystal waveguide assuming that ali the defect 
modes and the cavity mode have the same symmetry. 
In this structure the quality factor grows inversely pro- 
portional to the group velocity of light at the resonant 
frequency and, accordingly, the power threshold required 
for all-optical switching vanishes as a square of the group 
velocity (see Fig. [22]). 

The numerically obtained dependence Q{vgr) ~ ^/vgr 
is shown in Fig.[22lfa). and it is in an excellent agreement 
with the theoretical predictions. Since the bistability 
threshold power of the incoming l ight in waveguide- cavit y 
structures scales as Pth ^ l/Q^ ([Mingaleev et a/.Ll2006l ), 
one observes a rapid diminishing of Pth ~ Vg when the 
resonance frequency approaches the band edge, as shown 
in numerical calculations summarized in Figs. [22lfbx). 



By now, several experimental observations of opti- 
cal bistability enhanced through Fano interferences have 
been reported (Weidner et jil.^ 2007; Yang et al.^ 200^- 
In particular, lYang et ali (|2007i) employed a high-Q cav- 
ity mode {Q = 30000) in a silicon photonic crystal and 
demonstrated Fano resonance based bistable states and 
switching with thresholds of 185/iW and 4.5 fJ internally 
stored cavity energy that might be useful for scalable op- 
tical buffer ing and logie. 

It is import ant to note, that the nonlinear Fano reso- 
nance shows dynamical instabilities with piane wave ex- 
citations (Miroshniche nko et ali \2009). Near the reso- 
nance the intensity of the scattered wave starts to grow 
in time, leading to modulational instability, while far 
from resonance it converges to a steady-state solution 
(see Fig. [231). However, as it was demonstrated by 



[Miroshnichenko et ali (20091) this instability can be sup- 
pressed for temporal Gaussian pulses excitations, provid- 
ing with an effective method of recovering the bistable 
transmission. 
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FIG. 23 (Color online) Dynamical instability of the nonlin- 
ear Fano resonance. (a) Nonlinear transmission coefficient, 
and (b) imaginary part of eigenvalues of the stability prob- 
lem vs input power. In the vicinity of the nonlinear Fano 
resonance the piane wave excitation becomes dynamically un- 
stable. Temporal evolution of (c,e) the field inside the side- 
coupled cavity, and (d,f) the transmission coefficient for two 
different values of the input power values, indicated in plot 
(a). Near the resonance the dynamics of the field inside the 
nonlinear cavity yields a buildup of a modula tion instability 
in time. Adapted from iMiroshnichenko et ali (|2009l ). 



F. Overlapping resonances 

A very important effect associated with the Fano 
resonances in double-resonator photonic structures can 
be linked to t he electromagnetic a lly-in duced trans- 
parency (EIT) (Fleischhauer et al\ '2005'). Coupled- 
resonator-induced transparency (CRIT) str u ctures 
bave been introduced in 2004 (iMaleki et al\ . 120041 : 
ISmith et ali "2004; "Suh et al!, "2004"), although the early 
work ([Opatrny and Welsch, 2001) suggested already 
an idea of macroscopic double-resonator optical system 
exhibiting the EIT-like effect. Recently, the CRIT 
effect has been observed experimentally in the system 
of two interacting microresonators (glass spheres of 
about 400 /im in d i amete r) with whispering-gallery 
modes ( Naweed et a/.L l2005lì, in a cavity with a t leas t 



two resonant modes (|Franson and Hendrickso 3, l2Q06l ì. 
and in int e^rated photonic cfi i ps with two ni icrorin^ 
resonators (|Tomita et ali , l2009l : ÌXu eralì , l2006h . Pro- 
viding an efìiciently tunable transparency on an optical 
chip, such CRIT devices are considered as a cruciai step 
towards the development of integrated all-optical chips 
(|Bovd and Gauthierl . [2QQ6I ) . 

To explain the origin of CRIT resonances, we char- 
acterize the light transmission by the transmission and 
reflection coefìicients which can be presented in the form 



Tito) 



Rico) 



(42) 



where the detuning function (j{u;) may have quite dif- 
ferent type of frequency dependence for different types 
of waveguide- cavity structures. Zero transmission (total 
reflection) corresponds to the condition (j{uj) = 0, while 
perfect transmission (zero reflection) corresponds to the 
condition a{uj) = ±oo. 
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FIG. 24 (Color online) Two types of the geometries of 
a photonic-crystal waveguide side coupled to two nonlinear 
optical resonators. Light transmission and bistability are 
qualitatively different for (a) on-site and (b) inter-site loca- 
tions of the resonator along the waveguide. Adapted from 
iMingaleev et ali Eq 



For the wavegui de- cavity structure shown in 
Fig.ElKb), we obtain (|Mingaleev et ali l2006h 



la 



(43) 



where co^ is the eigenfrequency of the localized cavity 
mode of an isolated cavity a. The spectral width 
of the resonance is determined by the overlap integrai 
between the cavity mode and the guided mode at the 
resonant frequency. 

To fìnd a{uj) for the two-cavity structure, one can 
apply a variety of methods but the simple st approac h 
is based on the transfer- matrix technique (|Fanl . Ì2QQ2I ) . 
When two cavities are separated by the distance d = 
27rm//c(a;t), where k{u;) is the waveguide's dispersion re- 
lation, m is any integer number, and the frequency ujt is 
defìned below, and there is no direct coupling between 
the cavities, we obtain 



(44) 



with the total resonance width F = 7q, + 7/3 and the fre- 
quency of perfect transmission cot = {ja^(3 -^7(3^a){7a + 
7/3)"^, lying in between the two cavity frequencies, uOa 
and ijf3, of zero transmission. 

In the case when the cavities a and /3 are identi- 
cal, we obtain a single-cavity resonance and the only 
effect of using two cavities is the doubling of the spec- 
tral width, F = 27q,, of the resonant reflection line, as 
it is illustrated in Fig. [25lf a). However, introducing even 
the smallest difference between two cavities leads to the 
opening of an extremely narrow resonant transmission 
line on the background of this broader reflection line, as 
it is illustrated in Fig. [25lf c). Indeed, for slightly differ- 
ent cavities we may rewrite Eq. (|44|) in the vicinity of 
the resonant transmission frequency, Cc;^ = c^c, + (5cc;/2, as 
(j{u;) ^ ^t/{^ — ^t)^ with the line width F^ = Ja;^/87Q;, 
which can easily be controlied by tuning the frequency 
difference 5uj. The quality factor of this transmission 
line, Qt = a;t/2F^ ^ 47Q,a;Q,/Ja;^, grows indefìnitely when 
5ix) vanishes. As mentioned above, this effect is the 
all-optical analogue of the electromagnetically-induced 
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FIG. 25 (Color online) Typical transmission curves for four 
different cases (a) two identical side-coupled defects Ua = 
(jjf3 (solid). Transmission for a single side-coupled cavity is 
shown by a dashed line; (b) two side-coupled cavities with 
strongly detuned eigenfrequencies — ^ 1; (c,d) two 
side-coupled cavities with slightly detuned eigenfrequencies 
— copi <^ 1 for (c) on-site coupling and (d) inter-site cou- 
pling. From iMingaleev et al.\ ([2008). 



transparency and is now often referred to as the effect 
of CQ upled-resonator-induced transparency ( Smith et ali 
\2004 . 

In contrast, the inter-coupling between two cavities, 



as shown in Fig. [24lfb) manifests itself as a qualita- 
tively new effect of coupled-resonator-induced reflection 
(CRIR): for small detuning Suo = uj^ — uja^ one of the 
resonant reflection frequencies shifts very dose to the 
perfect transmission frequency, cJt, producing a narrow 
resonant reflection line, as is illustrated in Fig. [25lf d). 
The frequency of this line is always dose to the fre- 
quency cOa of the cavity mode, while its spectral width is 
determined by the frequ ency difference Su, growing in- 
defìnitel y as Suj vanishes (|Landobasa Y. Mario and" Chini . 
[2006; Mi ngaleev eTalì , l2008h . 

It should be emphasized that despite such a quali- 
tative difference in their spectral manifestations, both 
CRIT and CRIR effects have the same physical origin 
which can be att r ibuted to th e Fan o-Feshbach resonances 
(jFeshbachl . Il958l . Il962l : iMiesl . \l968 ) which are known to 
originate from the interaction of two or more resonances 
(e.g., two Fano resonances) in the overlapping regime, 
where the spectral widths of resonances are comparable 
to or larger than the frequency separation between them. 
In a general situation it leads to a drastic deformation of 
the transmission spectrum and the formation of addi- 
tional resonances with sharp peaks. The Fano-Feshbach 
resonances are associated with a collective response of 
multiple interacting resonant degrees of freedom, and 
they hav e numerous evidences in quantum mechanic al 
systems (jMagunov et ali l2003l : iRaoult and Miesl . l2004f ). 



Finally, we discuss the interaction be tween two Fano 
resonances (|Hinol . 1200 il : lMiroshniche"nkQl . I2009 Ì which can 
be employed to stop and store light coherently, with 
an all-optical adiabatic and reversib l e pul s e bandwidth 
comp ression process ( Yanik and Fani . l2004l : lYanik et ali 
l2004l ). Such a process overcomes the fundamental band- 
width delay constraint in optics and can generate arbi- 
trarily small group velocities for any light pulse with a 
given bandwidth, without any coherent or resonant light- 
matter interaction. The mechanism can be realized in a 
system consisting of a waveguide side coupled to tunable 
resonators, which generates a photonic ba nd structure 
that represents a classical EIT analogue (iMaes et ali 
l2005l : lYanik et a/.l . l2004l ). 



G. Guided resonances in photonic crystal slabs 

Scattering of light by photonic crystal slabs leads to 
another class of Fano resonances associated with the 
presence of guided resonances in periodic structures. A 
photonic crystal slab consists of a two-dimensional peri- 
odic index contrast introduced into a high-index guid- 
ing layer Fig. [26lf a). Such modulated structures sup- 
port in-plane guided modes that are completely con- 
fined by t he slab without any c oupli ng to external 
radiations ('Magnusson an d Wand . Il992[ ). In addition 
to in-plane waveguiding, the slabs can also interact 
with ext ernal radiations in a comp l ex and in t erest- 
ing way (iFan and Joannopoulosl l2002l : iFan et al. 1. 120031: 
iKoshind . FoO.'ìh . Of particular importance is the pres- 
ence of guided resonances in the structures. Guided res- 
onances can provide an effìcient way to channel light from 
within the slab to the external environment. In addition, 
guided resonances can signifìcantly affect the transmis- 
sion and reflection of external incident light, resulting in 
complex resonant line shapes which can be linked to Fano 
resonances. 



iFaii" and Joannopoulosl ( |2002l ) calculated the transmis- 
sion and reflection coefìicients at various k points for the 
structure shown in Fig. [26lfa). The calculated spectra 
for s-polarized incident waves are shown in Figs.[26lfb.c). 
The spectra consist of sharp resonant features superim- 
posed upon a smoothly varying background. The back- 
ground resembles Fabry-Perot oscillations when light in- 
teracts with a uniform dielectric slab. To clearly see this, 
the background is fìtted to the spectra of a uniform slab, 
which are shown as dashed lines in Figs.[26lfb.c). The uni- 
form slab has the same thickness as the photonic crystal. 
Resonances can be described by employing the Fano-type 
formulas, with the effect ive dielectric Constant as the only 
fìtting paramter. The fitting agree s very well with the 
numerical simulations fsee also (Koshind, EÒOS)]. 

By introducing a nonlinear layer into the slab with 
a periodic lateral structure, we can generate a bistable 
transmission for significant intensity ranges due to Fano 
resonances, and achieve a strong frequency-dependent 
transparency variation related to the transfer via guided 
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FIG. 26 Light scattering by photonic crystal slabs. (a) Ge- 
ometry of the photonic-crystal film, (b) Transmission and (c) 
reflection spectra. The sohd lines are for the photonic crys- 
tal structure, and the dashed lines are for a uniform dielectric 
slab with a frequency-dependent dielectric Constant. Adapted 
from Fan and Joannopoulos (2002.). 



modes. A self-consistent simulation tool which allows for 
the computat ion of multivalued tr ansmission has been 
developed by iLousse and Vigneronl ([2004 ) . It explained 
the peculiar shape of the hysteresis loops associated with 
nonlinear Fano resonances. 

Complex resonant line shapes due to Fano res- 
onances were observ ed exp eri mentally in several 
settings (IChen et ali l2009l: iG rillet et a li 12006 : 



Harbers et ali 120071 : iQiang et ali 12 008: Yang et al., . 
2008l ì. In particular. iGrillet et ali ()2006l ) observed 



Fano resonances in the optical transmission spectrum 
of a chalcogenide glass photonic crystal membrane 
and demonstrated, for the first time, the suppression 
of optical transmission by over 40 dB, the strongest 
reported so far, and a remar kable result for a dielectric 
structure with a thickness of only 330 nm. These results 
will allow further progress towards the engineering of 
very sharp resonances and, combined with the large 
intrinsic nonlinear ity of the chalcogenide glasses, should 
allow for the observation of optical bistability in a 
photonic-crystal mirror. 

Recently, it was experimentally demonstrated that 
the shape of the Fano resonance in the light scatter- 
ing by a high-Q planar photonic crystal nanocavity can 
be co ntrolied by varròig the waste of the Gaussian 
beam ( Galli et al l l2009[ ). For a tightly focused beam 
with a spot diameter di ~ 2/im a strong asymmetric Fano 
resonance was observed with the asymmetry parameter 
qi = -0.348 [see Fig. ET^a)]. On the other hand, for a 
slightly defocused Gaussian beam with the spot diame- 
ter d2 ^ 10/im a symmetric Fano resonance was observed 
with q2 = —0.016 [see Fig. [27rb)]. In this geometry the 
light reflected from the nanocavity mimics the scattering 
through a discrete level, while the light reflected from the 
photonic crystal pattern, can be considered as the scat- 
tering to the continuum. The interference of these two 
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FIG. 27 (Color online) Measured scattering spectra (dots) 
and fìtting by the Fano fromula (solid lines) of a photonic 
crystal nanocavity for two different excitation conditions: (a) 
a tightly focused, and (b) a slightly defocused laser beam of 
diameters di and c/2, respectively, indicated by circles. Note 
here, that the actual profiles are inverte d ones because of t he 
use of crossed polarized detection. From iGalli et ali (|2009l ). 



reflected components leads to the Fano resonance. The 
variation of the Fano profìle with the increase of the exci- 
tation area can be understood as an enhancement of the 
scattering to the continuum, leading to the decrease of 
the asymmetry parameter q. Indeed, the variation of the 
asymmetry parameter qi/q2 ~ 22 is proportional to the 
variation of the excitation areas ((^2/6^1)^ ^ 25. Thus, by 
changing the excitation conditions it is possible to tune 
the Fano resonance in the scattering by photonic crystal 
nanocavity. 



H. Light scattering by spherical nanoparticles 

Light scattering by an obstacle is one of the funda- 
mental proble ms of electrodyn a mics, s ee, e.g., mono- 
graphs (Boh ren and Huff mani , 1 19981 : iBorn and Woli 
I1999I : Ivan der Hulstl . Il98lh . It was first described by 
Lord Rayleigh and is characterized by a sharp increase 
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FIG. 28 (Color online) Exact Mie solution of the light scatter- 
ing by a plasmonic nanoparticle. The radius of the nanoparti- 
cle is much smaller than the light wavelength a/\ — 0.083. (a) 
Frequency dependence of the scattering light intensity in the 
vicinity of the dipole and quadrupole resonances. In the latter 
case both forward (solid lines) and backward (dashed lines) 
scattering profiles exhibit asymmetric Fano resonances. (b,c) 
The angular dependence of the light scattering in the vicin- 
ity of the quadrupole resonance. The pla smonic frequency is 
normalized to ujpa/c — 1. Adapted from iLuk'vanchuk etalX 
120 



a scattering anomalous. iTribelskv et al\ (|2008') revealed 
that the physical picture of this anomalous scattering is 
analogous to the physics of Fano resonances. This anal- 
ogy sheds new light to the phenomenon. It allows to 
employ powerful methods developed in the theory of the 
Fano resonances (such as, e.g., the Feshbach-Fano parti- 
tioning theory) to describe the resonant light scattering. 
It also easily explains certain features of the anomalous 
scattering and related problems, namely sharp changes 
in the sc attering dia^rams upo n small changes in uo (see 
Fig.[28l). iTribelskv eialì (|2008h analytically obtained an 
asymmetric profile of the resonance lines by analyzing 
the exact Mie solution of the light scattering problem by 
a spherical nanoparticle ([Miroshnichenko et ali l2008l ì . 

Figure [28] demonstrates light scattering by a potas- 
sium colloidal nanoparticle immersed in a KCl crys- 
tal, calculated with a realistic dependence ejuo) and fìt- 
ting actual expe rimental data ('LukVanc huk et ed. 1. I2QQ8I : 
iTribelskv et ali [2008). A slight variation of the inci- 
dent light frequency in the vicinity of the quadrupole 
resonance drastically changes the scattering pattern (see 
Fig. [28]) . resulting in asymmetric Fano-like profiles for 
intensities of the forward and backward scattered light. 
In this case, excited localized plasmons (polaritons) are 
equivalent to the discrete levels in Fano's approach, while 
the radiative decay of these excitations is similar to the 
tunneling to the continuum. In general, it may lead to a 
significant suppression of the scattering along any given 
direction. Note, that in accordance with the theoreti- 
cal expression obtained from the Mie formula, the points 
of destructive interference for the forward and backward 
scattering lie on different sides of the corresponding res- 
onant peaks. 



I. Plasmonic nanocavities and tunable Fano resonance 



in scatt ering intensity with increasing the light fre- 
quency (|Ravleighl , Il871al lbll3) . It is used to explain why 
we can enjoy the blue sky during day time (the intensely 
scattered blue component of the sunlight), and scarlet 
sunrises and sunsets at dawn and dusk (the weakly scat- 
tered red component). Lord Rayleigh's studies were gen- 
eralized by Gustav Mie who obtained the complete ana- 
lytical solution of Maxwell's equations for the scattering 
of electromagnetic radiation by a spherical particl e vali d 
for any ratio of diameter to the wavelength (jMid , Il908[ ) . 

A common assumption is that the general Mie solution 
transforms into that of Rayleigh when particles are small. 
However, recent studies of resonant sca ttering by smal l 
particles with weak dissipation rates (Bashe vov et ali 
[2005; Tribelsky and Luk^yanchuk, 2006) have revealed 
new and unexpected features, namely giant optical res- 
onances with an inverse hierarchy (the quadrupole reso- 
nance is much stronger than the dipole one, etc.) , a com- 
plicated near-fìeld structure with vortices, unusual fre- 
quency and size dependencies, which allow to name such 



Recent progress in the fabrication and visualiza- 
tion of nano-sized structures gave rise to a novel and 
rapidly emerging fìeld of nanoplasmonics. The opti- 
cal properties of metals are governed by coherent os- 
cillatio ns of conduction- b and e lectrons, known as plas- 
mons (jBohm and PinesI , Il95lh . The interaction be- 
tween light and metallic nanoparticles is mostly domi- 
nated by charge-density oscillations on the closed sur- 
faces of the particles, called localized surface plas- 
mon resonances (LSPs). The studies of LSPs in 
nobel- metal nanoparticles, such as gold and Silver, ex- 
tended applications from various surface-enhanced spec- 
troscopies (Moskoyits, 1985 ) to novel nanometer opti- 
cal devices and waveguides ( Barnes et l2003l : lOzbavl . 
I2OO6I ). One of the most important properties of LSPs is 
the possibility of strong spatial localization of the elec- 
tron oscillations, combined with their high frequencies 
varying from UV to IR ranges. LSPs have the ability to 
strongly scatter, absorb, and squeeze light on nanometer 
scales, producing huge enhancement of electromagnetic 
fìeld amplitudes. Such unique properties of nanomate- 
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FIG. 29 (Color online) A metallic nanostructure consisting 
of a disk inside a thin ring supports superradiant and very 
narrow subradiant modes. Symmetry breaking in this struc- 
ture enables a coupling between plasmon modes of differ- 
ing multipolar order, resulting in a tunable Fano resonance: 
(a) extinction spectra as a function of incident angle 0] ih) 
the impact of filling the cavity with a dielectric material on 
the extinction spectrum or permittivity e = 1 (solid line), 
e — 1.5 (d a shed line), and e = 3 (dotted line). Adapted from 
iHao et al\ ([20 



rials are essential for the development of novel material 
functions with potential technological and medicai ap- 
plications with specific optical, magnetic, and reactivity 
properties. 

Plasmonic nanostructures can be considered as a phys- 
ical realization of coupled oscillator systems at the 
nanoscale. The energies and linewidths of the LSPs 
depend mostly on the nanoparticle geometries, such as 
size and shape. Thus, the spectral tunability of LSPs 
has been widely investigated. As it was suggested by 
iHao et promising geometries for fine tuning 

are rings and disks. In such structures the dipole-like 
resonance can be tuned into the near-infrared region by 
changing the width of the metallic ring, for example. One 
of the important issues of nanoplasmonics is the effect of 
symmetry breaking, which allows to excite higher-order 
multipolar modes leading to larger electromagnetic fìeld 
enhancements. The symmetry breaking can be easily 
achieved in metallic ring/disk cavity structures by dis- 
placing the disk with respect to the center of the ring. 
The plasmon resonances of a ring/disk cavity system can 
be understood in terms of the interaction or hybridiza- 
tion of the single ring and disk cavity plasmons. This hy- 
bridization leads to a low energy sym metric plasmon an d 
high energy anti- symmetric plasmon ( Hao et a/] . l2QQ7l ). 
The latter one is superradiant, i.e. it strongly radiates 



because disk and ring dipolar plasmons are aligned and 
oscillate in phase. The low energy symmetric plasmon 
is subradiant because of opposite alignment of dipolar 
moments. It turns out that in a symmetry-broken struc- 
ture, the quadrupole ring resonance couples to the su- 
perradi ant hi^h energy anti-symmetric disk-ring dipole 
mode ( Hao et a/] . l2QQ8l ). The direct coupling interferes 
with the dispersive coupling between the quadrupolar 
ring mode and the supperradiant mode, resulting in a 
Fano resonance in the extinction spectrum (see Fig. [29]). 
By varying the incident angle, the shape of the Fano res- 



onance can be altered from asymmetric to a symmetric 
one. 

Other examples of nanoplasmonic structures sup- 
porting the asymmetric Fano resonance ar e metallic 
nanoshells near a metallic film (^Le et and het- 

erogen eous dimers composed of gold and silver nanopar- 
ticles (Bac helier et olì , 12008) . Both structures show up 
with a highly tunable plasmonic Fano resonance, accom- 
panied by large locai electric field enhancement. Thus, 
the strong response of LSP resonances may be effectively 
used for biological and medicai sensing applications. 

A novel type of nonlinear Fano resonance has been 
found in hybrid molecu les composed of se miconductor 
and metal nanoparicles (|Zhang et a/.L[2QQ6l ì. The latter 
ones support surface plasmons with a continuous spec- 
trum, while the former ones support discrete interband 
excitations. Plasmons and excitons become strongly cou- 
pled via Forster energy transfer. At high light intensities, 
the absorption spectrum demonstrates a sharp asymmet- 
ric profìle, which originates from the coherent interparti- 
cle Coulomb interaction, and can be understood in terms 
of a nonlinear Fano resonance. 



J. Extraordinary transmission of light through metallic 
gratings 

The scattering by metallic gratings was the subject 
of extensive research for over a century. One of the 
important early achievements of the optics of metallic 
gratings w as the discovery and understanding of Wood's 
anomalies ('RavleighI. ll9Q7l : IWoodl . [l9Q2L Il935h . One type 
of anomaly is due to ethe xcitation of surface plasmon- 
polaritons propagating on the metallic surface. Another 
one is the diffractive anomaly, when a diffracted order 
becomes tangental to the piane of the grating. It is char- 
acterized by a rapid variation of the diffracted order in- 
tensity, corresponding to the onset or disappearance of 
a particular spectral order (Wood, 1935). This resonant 
behaviour of the Wood's anomaly can be understood in 
therms of the coupling of the incomin g wayes with the 
surface-bound states of period i c arra ys (^Fanol . ll936l . ll937l . 
ll938l . ll94ll : lHessel and Olined . Il965h . Thus, by consider- 
ing a surface-bound state as a discrete level and scattered 
waves as a continuum, Wo od's anomaly can be i nter- 
preted as a Fano resonance (^Billaudeau et "^. l2QQ9l ì. 

It was demonstrated that for a periodic thin-film 
metallic grating, formed from a two-dimensional array of 
holes, the transmitted fraction of the incident light can 
exceed t he open fraction of the array for certain wave- 
lengths ([Ebbesen et a/.L [19981 : iGhaemi et al. I ll998l ì. The 
enhancement in the transmitted zero-order beam is re- 
ported to be several orders of magnitude larger than that 
from pure metallic slab without holes. This phenomenon 
has been called extraordinary transmission through pe- 
riodic arrays of subwavelengths holes in metallic fìlms. 

The common understanding of the extraordi- 
nary transmission is due to a resonant excitation 
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FIG. 31 Planar wavevector diagram illustrat- 
ing the phase-matching condition for RFWM. 
From lTeodoro and McCormackl (|l999l ì. 



FIG. 30 Light scattering by metallic gratings. (a) Focused 
ion beam image of a two- dimensionai hole array in a poly- 
crystalline Silver film, (b) Observed transmission intensity as 
a function of photon energy and kx with predicted energy 
dispersion of surface plasmon-polaritons (so lid) and loci o f 
Wood's anomaly (dashed lines). From .Ghaemi et ali (| 19981 ). 



of s urface plasmon-pola r itons by incoming; radia- 
tion (|Ghaemi et ali 1 19981 : Ivan der Molen et ali l2QQ5h . 
In addition to the resonant enhancement of the trans- 
mission the resonant suppression was observed as well. 
It was demonstrated that these transmission minima 
correspon d exactly to l oci o f Wood's anomaly (see 
Fig. (jOhaemi ali Il998[ ì. According to experi- 
mental observations, each extraordinary transmission 
is accompanied by resonant suppression of transmis- 
sion resulting in asymmetric lineshapes, which can 



be p erfectly fitted by the Fano formula (|de A bajo. 



I2QQ7). Moreove r, it w as theoretically demonstrated 
by ISpevak et ali ( 2QQ9I ) that periodically modulated 
ultrathin metal fìlms may exhibit resonant suppression 
of the transmittance, emphasizing the Wood's anomaly 
effect. Thus, the extraordinary resonant scattering of 
light by modulated metal film can be described in terms 
of the Fano resonance, revealing the Inter ference nature 

of the phenomenon. 

iKobvakov et ali (|2QQ9l ) suggested to use active layers 
to simultaneously enhance both transmittance and re- 
fiectance at the resonance in subwavelength periodic pla- 
nar bimetallic grating by exciting gain-assisted surface 
plasmons. 



K. Resonant four-wave mixing induced autoionization 

Four-wave mixing involves the interaction of three laser 
beams to produce a nonlinear polarization via the cubie 
electric susceptibility x''^^ - The induced polarization acts 
as the source of a fourth coherent light beam, detected 
as the signal. Four-wave mixing can be considered as 
the formation and scattering from laser-induced gratings. 



The grating is formed by two laser beams, called grating 
beams, with wavevector k^. The third probe beam with 
the wavevector kp is then scattered off the laser-induced 
grating and produces the fourth scattered beam, which is 
detected as the four-wave mixing signal. Due to energy 
conservation, the frequency of the signal beam must be 
equal to the frequency of the probe beam cOs = ^p- Mo- 
mentum conservation results in a phase-matching condi- 
tion for the signal wavevector 



— |k^i kp 
and the Bragg-scattering angular condition 



UJa 



sin(^p/2) 
sin(l9p_,/2) 



(45) 



(46) 



where Og is the angle between two grating beams, and 
6p-s is the angle between the probe and signal beams 
(see Fig. [H]) . 

In general, the four-wave mixing process can take place 
in any material. When the frequency of the incident laser 
beams matches the transition resonances of the medium, 
a drastic enhancement of the signal intensity can be 
observed. Such processes are called resonant four-wave 
mixings (RFWMs), and they are used as spectroscopic 
and diagnostic tools fo r probing stable and t ra nsient 
molecular species. [Armstrong and Wvnnd ( 19741 ) 
studied experimentally four-wave mixing involving an 
autoionizing resonance in alkali- metal atomic vapor. In 
their experiment a two-photon transition between two 
bound States of the metal was excited, followed by a 
single-photon absorption to the autoionizing level. The 
detected signal demonstrated a characteristic asymmet- 
ric response. Using the Fano formalism, the authors 
derived an expression for the line-shape and fìtted it with 
the Fano formula (Armstrong and Wynne, 1974), which 
allows to obtain the widt h and asymmetry parameter 



1983 : 



1975 



for the autoionizi n g stat es jAsarwal and Lakshmi], 
Alber and Zoller, 1 19831 : [Armstrong and Beers^ 
Crance and Armstrong). [l982al lbl: IHaan and Agarwa] , 
19871 : iMeier et ali Il995[ ì. Thus, this form of RFWM 
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FIG. 32 Two-color resonant four-wave mixing, (a) Non- 
parametric and (b) parametric TC-RFWM process. The au- 
toionizing level (Fano state) above the ionization potential 
is indicateci by |?7). \i) and |e) are ground and intermedi- 
ate states, respectively. (c) TC-RFWM and Fano profiles. 
Inset: the slopes of two profiles. Note the separation be- 
tween the slope zeros which correspo nd to profile minima. 
From [Teodoro and McCormackl (|l998l ì. 



can be considered as one of the techniques to study 
autoionizing levels. 

A doublé resonance version of RFWM is called two- 
color RFWM (TC-RFWM) and takes place, when two 
optical fìelds have frequencies in resonance with two 
different transitions. It yields a variety of excitation 
schemes, which are very useful for high-resolution spec- 
troscopy. In Figure [32] possible TC-RFWM excitation 
schemes are shown, where the grating beams are in reso- 
nance with the lower transition and the probe is tuned to 
the upper transition [see Fig. [32lf a)], and vice- versa [see 
Fig. [32lf b)]. Because of the presence of autoionizing states 
in overall the FWM process, in both cases TC-RFWM 
exhibits asymmetric profiles, which can be approximated 
by the Fano formula [see Fig.[32lfc)]. Unlike the Fano pro- 



FIG. 33 Electron micrograph of a single electron transistor 
based on a GaAs/AlGaAs heterostructure. The split gates 
(I) define the tunnel barriers and the additional gate elec- 
trode (II) adjusts the potential energy on the quantum dot. 
From .Gòres et aL (,200a ì. 



file, the TC-RFMW spectral lines have no exact zeroes. 
This can be explained using the dephasing during nonlin- 
ear parametric conversions, which is a key difference to 
the usuai Fano resonance case. Nevertheless, TC-RFMW 
provides with an e fìicient way to coheren tly control the 
signal lineshape (^McCormack et ali , Il998l ) . 



VI. CHARGE TRANSPORT THROUGH QUANTUM 
DOTS 

In recent decades charge transport through quan- 
tum dots (QD) has been exte nsively studied both 
theore tically a nd ex p erimenta l lv (lAltshuler et al. , Il991 
Hanson et ali I2QQ7: iKastner . J 19921 : iKoch and Lùbbig 



1992l : lReimann and Manninen . l2QQ2l ). One of the reasons 



of that interest is the further miniaturization of electronic 
de vice compone nts. A comprehensive picture of a big 
variety o f underlying; physica l phenome n a has emerged 



variety o i underlymg; physica l phenome n a has emerged 
(see e.g. lAleiner et ali (|2QQ2l ì: lAlhassidI (|2QQQh and ref- 
erences therein). The finite size of the dot is responsi- 
ble for a dense but discrete set of single particle levels. 
Confinement of electrons in small quantum dots leads to 
the necessity of taking into account their Coulomb re- 
pulsion. As a result, at temperatures below th e charg;- 
ing energy the Coulom b blockade emerges ( Aleiner et ali 
l2QQ2l : lAlhassidl . l2QQ0l ì. At even lower temperatures the 
phase coherence of the excitations in the quantum dot 
is preserved during the scattering, and additional inter- 
ference phenomena appear, depending on the coupling 
strength to the leads. In view of the enormous literature 
available, we will briefly introduce the main physics, and 
focus on results which are directly related to the finding 
of destructive Inter ferences and Fano resonances. 
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A. From a single electron transistor to quantum 
interference 

A quantum dot is a small confinement region for elec- 
trons (typically almost two-dimensional) with leads cou- 
pled to it. The manufacturing of a huge variety of ge- 
ometries is easily possible. In the simplest case two leads 
are used, and a voltage V is apphed, resulting in a cur- 
rent of electrons which enter the dot through one lead, 
and eventuahy exit into the second lead. Various gate 
voltages can be additionally applied, e.g. Vg which con- 
trols the energy of the electrons in the dot relative to 
the leads, and others which control the strength of the 
coupling between the leads and the dot. Here we will con- 
sider only situations where the applied voltage V between 
the two leads is small so that the energy eV is smaller 
than ali other relevant energy scales. This is also called 
the equilibrium case, at variance to the non-equilibrium 
case which is also frequently studied. 

Let US consider a closed dot with linear size L, when 
the leads are decoupled. If one neglects the contribu- 
tion from Coulomb interaction, the spectrum of many 
body States in a quantum dot can be obtained from the 
solution of the single particle problem. The sin g le par - 
ticle level spacing Agp = 7rfi^/m*L^ (|Alhassidl . |2QQQ[ ). 
The effective mass of an electron in GaAs is rather low: 
m* = 0.067me (Alhassid, 2000). For L = lOOnm one ob- 
tains Agp ~ 2i^, while for L = 500nm the spacing is re- 
duced to Asp ~ 90mK. Adding one electron to the closed 
dot therefore leads to an energy increase of the order of 
Asp. Now take Coulomb interaction into account. If the 
number of electrons in the dot is then the charging 
energy of adding one additional electron is Ec ~ Ne'^/L. 
Therefore, for large values of and not too small values 
of L, Ec ^ Asp. Note that typical dot sizes are of the 
order lOOnm — Ifim. N can strongly vary, with values 
TV ^ 10^ — 10^. Characteristic values of the charging en- 
ergy are in the range Ec ~ 100 — 400i^ (12 — 50meV). 
Therefore, for ali practical purposes, Ec ^ Asp. 

The number of electrons in a quantum dot is defìned 
by minimizing the energy qf the dot with respect to A^. 
This energy is given by (jAlhassidl . I20QQ| ) 

E{N) = -NeVg + N^e^/2C , (47) 

where C is the total capacitance between the dot and 
its surroundings. Apart from special values of the gate 
voltage, there will be a given electron number N with 
smallest energy, and changing the number of electrons 
will cost an amount about one charging energy Ec. For 
particular values of the gate voltage Vg^^ however degen- 
eracies between E{N) and E{N + 1) appear. 

Consider an experimental geometry shown in Figl33l 
If the coupling to the leads is weak enough and the tem- 
perature kT < Ec the Coulomb blockade regime sets in. 
As long as Vg 7^ Vg^"^ the charging energy prevents lead 
electrons from entering the dot, and the conductance G 

(n) 

is practically zero. However, when Vg = Vg ^ the de- 
generacy between N and N -\- 1 electron states on the 
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FIG. 34 Conductance versus gate voltage. Comparison of 
conductance measurements in the (a) Fano regime, (b) in- 
termediate regime, and (c) Coulomb blockade regime. From 
(c) to (a) the lead-dot coupling increases. Fits to the Fano 
formula ([T]) are shown for the center and right resonances in 
(a). The respecti ye asymmetry para meters are q = —0.03 and 
q = -0.99. From iGòres et al\ (|2000l ì. 



dot sets in. Therefore, electrons can pass through the 
dot one by one, and the conductance takes the universal 
vaine G = 2e^ /h (here the factor 2 accounts for spin de- 
generacy). Note that the Coulomb interaction is treated 
in a mean-fìeld type way, therefore no phase coherence of 
dot electrons is required. 

Lowering the temperature further, the phase coher- 
ence of the dot electrons become s essential [see e.g. 
(|Aikawa et ali 120041 : |ji et ali l2000l ì] . Note that the typ- 
ical electron mean free path can be of the order of 10/im, 
one-two orders of magnitude larger than the dot size. It 
may also be possible to reduce decoherence effects within 
some suitable range by increasing the coupling of the dot 
to the leads, which may lead to a shorter residence time of 
electrons inside the dot and therefore to less scattering. 
With the option of having several channels which elec- 
trons can use to pass through the dot, phase coherence 
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will lead to interference effects, and therefore to possible 
Fano resonances. 

If a magnetic fìeld is added, orbitai and spin effects 
have to be considered as well. The Zeeman energy 
= gfJ^sH sets another temperature scale. Depend- 
ing on the Lande factor which can vary strongly from 
sample to sample, the corresponding Zeeman energy Ez 
is of the order of 100 - 200mK for B = IT. Allowing the 
electrons to traverse the dot along different pathes, an 
Aharonov-Bohm phase shift (f) occurs due to a nonzero 
magnetic flux p enetratine the area S enclosed by them 
(|Altshuler et a/i Il980l ì: ^ = f^BS. With S = L'^ we fìnd 
for L = lOOnm that ^/27r = 0.385/T, and for L = 1/im 
that (/)/27r = 3SB/T. 

Therefore, for L = lOOnm and B = IT ìt follows 
Ez <^ Agp. Then at low temperatures kT < E^ of the 
order of T ~ 50 — lOOmK and at a magnetic fìeld B ^ IT 
the Coulomb blockaded dot has a well defìned spin: ei- 
ther l^^l = 1/2, or Sz = 0. Changing the gate voltage 
and reaching the next degeneracy E{N) = E{N + 1), 
an electron with a well-defìned spin is allowed to enter 
the dot - either spin up or spin down. The allowed spin 
vaine alternates as one further tunes the gate voltage 
to the next degeneracy. If the phase coherence of elec- 
trons is preserved during the scattering, one may again 
expect interference phenomena - but this time, depend- 
ing on the chosen vaine of Vg, only electrons with spin 
up (respectively spin down) will interfere along differ- 
ent channels. Increasing the coupling to the leads may 
cause spin-selective destructive interference for a given 
spin species, while the other spin species is freely passing 
through. The orbitai effect of the magnetic fìeld leads to 
an additional phase shift of the order of O.Stt, indepen- 
dent of applied gate voltages. 

For L = Ifim the single particle spacing Asp ~ 20mK. 
Therefore ai B = IT it follows Ez ^ A^p. Then at 
temperatures T ~ 50 — lOOmK the Coulomb blockaded 
dot is magnetized, but electrons which enter the dot can 
have any spin, preventing spin-selective destructive inter- 
ference. The orbitai effect of the magnetic fìeld is huge 
with a 27r phase shift every 25mT upon changing the 
magnetic fìeld. 

Before proceeding, let us briefìy mention related stud- 
ies of the Kondo effect in transport through quantum 
dots. In the Coulomb blockade, the number of electrons 
on the dot is well defìned, and either even or odd. Assum- 
ing a ground state only, the total electronic spin is either 
1/2 (odd number of electrons) or zero (even number). In 
the absence of a magnetic fìeld and for odd numbers of 
electrons, the whole dot could be viewed as some mag- 
netic impurity with spin 1/2, which scatters conduction 
electrons passing from one lead to another. That calls 
for an analogy with the well known Kondo effect which 
is observed in the low temperature properties of the con- 
ducti vity of electro ns in metals with magnetic impuri- 
ties ( HewsonI , Il993[ ). The resistivity in metals usually 
drops with lowering the temperature, since the number 
of phonons, which are responsible for electron scattering 
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FIG. 35 Conductance versus gate voltage. (a) Temperature 
dependence of the conductance for two Fano resonances. (b) 
Conductance as a function of the gate voltage for various mag- 
netic fields applied perp endicular to the two - dimensionai elec- 
tron gas. Adapted from lGòres et ali (|200Q| ). 



due to electron-phonon interaction, decreases. At around 
30i^ a minimum in the resistivity appears for some met- 
als, and subsequently the resistivity increases again with 
further lowering the temperature. This increase is due to 
scattering of electrons by magnetic impurities, and origi- 
nates from an exchange interaction of the conductance 
electron spin with the spin of the magnetic impurity. 
The exchange interaction sets an energy and temperature 
scale (the Kondo temperature T^), which is typically of 
the order of Tk ~ lOOmK — IK^ similar to the Zeeman 
energy of an electronic spin 1/2 in a magnetic fìeld of 
1 Tesla. For temperatures T < Tk the impurity spin is 
screened by a cloud of renormalized conduction electrons. 
The Kondo temperature depends sensitively on the cou- 
pling strength (hybridization) F between the conduction 
electrons and the magnetic impurities. For weak cou- 
pling Tk is exponentially small in — l/F. This analogy 
stirred ideas to observe the Kondo effect in the conduc- 
tance of electrons through quantum dots. For that low 
temperatures have to be used, and the coupling of the 
leads to the dot has to be increased (in order to increase 
Tk)' An e normous amount of theoretical studies was 
performed (jAleiner et ali l2002l ). Experimental results 
showed a deviation from the Coulomb blockade regime 
for strong lead-dot coupling (see below). The relation to 
theoretical model s based on Kondo mechanisnis is stili 
debated [see e.g. (|Aleiner et a/.L l2002l : |ji et a/.L l2000h ]. 
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FIG. 36 Channel conductance data (squares) and fits (curves) 
vs gate voltage in the Fano regime. Bars show fìttine ranges. 
Inset: SEM image of a similar sample. From Ijohnson et ali 
(|2004l ì. 



B. From Coulomb blockade to Fano resonances 

A number of experimental studies report on the 
observation of Coulomb blockade in various quantum 
dot realizations on the basis of AlGaAs heterostr uc- 
tures (^rone nwett et a/illQQSlilGoldhaber-Gordon et 



1998a, 2 QQll. Il998bl : iGores et ali l2QQ0l : iKobavashi et al 



2002. : .Schmid et ali Il998l ) . The charging energies are in 
the range Ec ^ 100 — 300 K. Temperatures were as low 
as 30mK^ applied magnetic fields up to IT, and higher. 
Therefore, the Zeeman energy Ez is 2-3 orders of mag- 
nitude lower than the charging energy Ec. The Coulomb 
blockade is usually observed in the case of weak coupling 
between the leads and the dot. In Fig. [SUthe results of 
iGores e^~a/] (|2000l ) are shown, which correspond to the 
setup in Fig. [33l For weak lead-dot coupling (c) the 
Coulomb blockade regime is nicely observed (tempera- 
tures are around lOOmi^, and the drain source voltage 
Vds ~ 5/iV <^ Vg). With increasing coupling the sharp 
peak structure is smeared out (b), which has been dis- 
cussed in relation to the Kondo effect. Even further in- 
creasing the coupling, Fano resonances are observed in 
the strong coupling case (a). A fìtting yields asymmetry 
parameters q = —0.03 and q = —0.99 for the center and 
right resonances, respectively. Note that also the peaks 
in (c) separating Coulomb blockades with different num- 
bers of electrons on the dot, are clearly asymmetric. The 
same authors studied the temperature and weak mag- 
netic fìeld dependence of the Fano profìles in the strong 
coupling regime for even larger absolute values of the gate 
voltage, shown in Fig. [35l 

The fìtting of the resonances in Fig. [35lf a) yields an 
almost linear decrease of the linewidth F with temper- 
ature, reaching values of 2meV at lOOmi^. The depth 
of the Fano resonance increases with decreasing temper- 
ature, making the Fano resonance sharper and deeper 



at low temperatures. The Fano resonances show very 
strong dependence on the vaine of a weak applied mag- 
netic fìeld Fig. [35lfb). Note that the largest applied fields 
are at 50mT, which corresponds to a Zeeman energy of 
the order of lOmi^ or less. 

The origin of the observed Fano resonances is interfer- 
ences of electrons along several channels (paths) travers- 
ing the quantum dot. When the lead-dot coupling is 
weak, the background conductance is very small [see Fig. 
[34lfc)]. Stili an asymmetric line shape is observed. The 
Fano resonance (dip) may either be hard to be detected 
with that background, or simply be absent, since essen- 
tially only one path is active. Another possibility is that 
the antiresonance is extremely narrow (weak coupling to 
a dot state) . Since the Fano resonances are well observed 
at large lead-dot coupling, phase coherence of electrons 
passing through the dot is therefore established, and is 
further increased with lower ing the temperature. 

The dramatic change of the resonance shape at weak 
magnetic fields is attribu ted to a suppressio n of the cou- 
pling into the dot states (|Gòres et all \200(f). That leads 
to an enhancement of the asymmetry parameter q, and 
respectively to a shifting of the Fano resonance (dip) out 
of the window of available gate voltages. The alternative 
explanation of loosing phase coherence of traversing elec- 
trons does not account for th e extremely l ow- fìe ld scale 
at which the change occurs (jGòres et ali l2000h . In a 
similar way one can exclude orbitai Aharonov-Bohm ef- 
fects, since the expected phase shifts are of the order of 
ó < 0.12. 



C. From Fano to Aharonov-Bohm interferometers 

In the above described experiments, the quantum dot 
design allowed essentially only to control the lead-dot 
coupling. To further advance in the tunability of Fano 
resonances with quantum dots, Inter ferometer devices 
have been manufactured. In addition to a small quan- 
tum dot, which can be traversed by electrons, a second 
region (second dot, or additional channel, or additional 
arm) is coupled in a controlied way. Therefore, the cou- 
pling to a second channel can be tuned systematically. 
Of course there may be already several channels involved 
in the traversing of electrons through the primary dot. 

Impressive result s have been obtained by 
IJohnson et olì (|2004l ) in designing a tunable Fano 
interferometer which consists of a quantum dot and an 
additional tunnel-coupled channel (see Figl36|). 

A sequence of several Fano resonances was observed, 
and well fìtted with the Fano formula ([1]). Moreover, 
Ijohnson et ali (|2004 ) performed careful fittings of various 
resonance shapes as shown in Figl37l In panel (a) another 
set of resonances is observed. Upon variation of the gate 
voltage the asymmetry of the resonance shape clearly 
changes, as also seen in panel (e). In addition, also the 
line width F is changing (panel (d)). In another gate 
voltage window [panel (f)] these changes are even more 
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FIG. 37 Tunable Fano interferometer. (a) Experimental data 
with 12 Fano resonances. (b) Fits of one resonance using 
different fitting parameters. (c)-(e) gtot, gcoh, F, and q from 
(a), ( f) Data exhibit i n^ rev ersals of q. (g) Extracted ^ values. 
From [johnson et al ] (|2004l ì. 




3 OD 



FIG. 38 An Aharonov-Bohm ring with an embedded QD in 
one of its arms. (a) Schematic representation of the experi- 
mental setup. (b) S canning electron micrograph of the fabri- 
cated device. From iKobavashi et al\ (|2QQ2 Ì. 



drastic. Indeed, the fìt yields a change of the sign of 
q with Vg (panel (g)). Note, that according to ^ at 
q = di symmetric resonant reflection, with no resonant 
transmission, is predicted. Indeed, around the vaine Vg ^ 
— 1900mV the conductance in panel (f) shows practically 
a dip only. 

Yet another twist was taken bv iKobavashi et ali ( 2QQ2[ ) 
with a qualitatively similar geometry but an additional 
magnetic fìeld penetrating the interferometer area and 
turning it into an Aharonov-Bohm (AB) device (see 




FIG. 39 Coulomb oscillation at Ve — —0.12V with the arm 
pinched off, and asymmetric Coulomb oscillation at Ve — 
—0.086V with the arm transmissible. Here T = SOmK and 
B = 0.91T. Adapted from Kobavashi et al. (|2Q02l ì. 



Fig l38|) . The current through the quantum dot and 
the additional arm (channel) can be controlied indepen- 
dently. Magnetic fìelds were around 1 Tesla. With the 
arm switched off, a series of Coulomb blockade peaks is 
observed (see Figl39|). 

When making the arm transmittable, clear interference 
effects are observed through asymmetric Fano lineshapes 
(see Fig l39l) . In that system, the discrete level and the 
continuum are spatially separated, allowing to control 
Fano interference via the magnetic field piercing the ring 
as shown in FigHOl The line shape changes periodically 
with the AB period ~ 3.8mT, which a grees with the ex- 
pected vaine using the ring dimension (Kobavashi et ali 
,2002 ). As magnetic fìeld B is swept, an asymmetric line 
shape with negative q continuously changes to a sym- 
metric one and then to an asymmetric one with positive 
q. Kobayashi et al. ( |2QQ2| ) argue, that due to the break- 
ing of time reversai symmetry in the presence of a mag- 
netic fìeld, the matrix elements defìning q are not real as 
usually assumed, but complex, therefore leading to com- 
plex q values. This confìrms theoretical investigations 
for t he noninteracting single particle AB interferometer 
case (lAharonv 6^0/]. I2QQ2L [2QQ3I: lEntin -Wohlman et ali 



ISasada and Hatand l2QQ5l y~ 



D. Correlations 

An enormous bulk of theoretical literature on various 
facets of the conductance properties of quantum dots 
is available. We will discuss some of these results be- 
low. Let US remind the reader about some characteristic 
scales. The Coulomb energy (charging energy) of quan- 
tum dots is of the order of bOmeV {380K). The Kondo 
temperature in a typical metal with magnetic impurities 
is of the order of lO/aeV (lOOmiC), comparable to the 
Zeeman energy of a spin 1/2 electron in a magnetic fìeld 
of around 1 Tesla. Therefore, when operating at tem- 
peratures of the order of the Zeeman energy, the charge 
on a typical quantum dot is extremely well fìxed by the 
number of electrons. The next question is whether a con- 
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FIG. 40 Conductance of (a) two Fano peaks at SOmK and 
selected magnetic fields, (b) one Fano peak vs Vg and B, (c) 
Same as (b) but for larger Windows of Vg variations. The 
white line repres e nts th e AB phase as a function of Vg . From 
iKobavashi et al\ (|2002l ì. 



ductance electron, when penetrating the quantum dot, is 
able to effìciently interact with an excess spin 1/2 parti- 
cle for odd electron numbers, or whether it will usually 
follow a path which avoids strong exchange interaction. 
These, partly open, issues make it sometimes to hard to 
judge the relevance of many interest ing theories. 

The simplest model, which keeps the effect of Coulomb 
Inter actions and correlations, uses exactly one level from 
the quantum dot, adds links to leads (left and right), 
and takes Coulomb interaction of spin up and spin down 
electrons into account - but only on the dot (see FigHTh). 
The resulting Hamiltonian has the following form: 

Hs=Hd^Hw , Hd = ed^n^^ Un^ni , (48) 

a 

kar 

Here ria = d]^da- measures the number of electrons on 
the quantum dot level, which interact with each other 
with strength U. The left and right leads are denoted 
by r = L{R). The level energy ed is measured from the 
Fermi energy of the leads. The lead states are chosen 
in the momentum representation. Ali fermionic creation 
and annihilation operators c^c^^d^d^ obey the standard 
anticommutation relations. 

E. Interference 

There are many ways to incorporate interference and 
multiple pathes, in order to reach Fano resonances. One 
of the simplest ones is a T-shaped scheme, which is a 
small change of the above model by side-coupling the 
quantum dot to the quantum wire (leads) (see FigHTb): 

Ht = -t ^(4^^Cn-l,a + 4^^Cn+l,a) + ^ ed,^^^ 
n,cr cr 

+ Y,{Vdlco,a + V*cl,d„) + Un^ni . (50) 

a 

The lead states are chosen in the coordinate representa- 
tion. Interference is possible because electrons can di- 
rectly pass from the left to the right, but can also visit 
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FIG. 41 Schematic representation of (a) a serial model of 
leads and a quantum dot (|48)) - (|49|) . and (b) a T-shape model 
of leads and a side-coupled quantum dot (|5Qp . 



the side dot and exit again. These two pathes are enough 
for destructive interference. 

Another possibility is to extend the serial dot scheme 
(|^8|) - (|^9|) by adding a direct path (arm ) for electrons to 
trans it from the left to the right leads (|Hofstetter et ali 
[2^: 



HaB — Hs^Ha ^ Ha 



kqa 



'AaRC.aL + H.C. . (51) 



The phase (j) models a magnetic flux which is encom- 
passed by the loop of the direct path and the path via 
the quantum dot. 

The Hamiltonians (|i8l) - (|i9D.([5QD belong to the class 
of Anderson Hamiltonians (|Andersonl . Il 96 ih . Thus the 
thermodynamic properties of both models are similar, 
e.g. the average number of (spin up and spin down) elec- 
trons on the dot {ria)- However, the transp ort proper- 
ties d epend crucially on the chosen geometry (|Luo et ali . 
l2004l ì. Note that changing the dot level ed is qualita- 
tively similar to varying the gate voltage of a quantum 
dot. The dot level is capable of accepting at most one 
spin up an d one spin down electron. 

Wiegm ann and Tsvelickl 11983) obtained analytical re- 
sults for (ricr) assuming a linearized spectrum of lead 
electrons, which is not a cruciai constraint, as long as 
the lead electron bands are partially fìlled (ideally half- 
filling), and as long as the temperature is much smaller 
than the distance from the Fermi energy to the band 
egdes. In addition, there exist various numerical meth- 
ods to compute {ria) approximately. 

With standard scattering m atrix approaches, as well 
asjising the Friedel sum rule ( Hewsonl . 1 19931 : iLangrethl . 



Il 9661 ), the conductance of the serial dot scheme (|48]) - (|49|) 
at ze ro temperature can be expressed in the follo wing 
way (^Glazman and Raikhl . 119881 : iNg and Leel . ll988h : 



5<T 



2VlVr 



Vi 



Sin^ TT {ricr) 



(52) 



iHofstetter et ali (|2001l ì studied Fano resonances in 
transport through the the AB interferometer model ([5T]) 
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FIG. 42 Conductance as a function of Cd for different values 
of background t r ansmi ssion Tb. The AB phase = 0. From 
iHofstetter et al 



at zero temperature. The schematic view of the AB in- 
terferometer is similar to Figl38lfa). For zero AB phase 
= 0, and the direct path being switched off W = 0, 
there are three states of a Coulomb blockade to be ex- 
pected upon variation of the gate voltage Cd'. the dot 
contains either zero, one, or two electrons, with sharp 
transitions between them. We remind again, that the 
empty dot is almost not conducting (Coulomb energy 
too large), and the dot fìlled with two electrons as well 
(Pauli principle). When there is one electron on the dot, 
a second can enter while the first leaves. Despite of ap- 
plying a magnetic fìeld, model ([5T]) is invariant under 
spin reversai (because the bare dot levels are not Zee- 
man splitted). This may be not easy to be achieved in 
an experiment. Therefore, when there is one electron on 
the dot, it can have either spin up or spin down, and 
on average (ricr) = 1/2 in that case. For e^^ > (Fermi 
energy is placed at zero) the dot is empty, and the con- 
ductance is zero. When —U < e^^ < 0, one electron can 
enter the dot, but not two. Then additional electrons can 
tunnel through, giving maximal conductance. Finally, for 
Cd < — [/, two electrons occupy the dot, and the conduc- 
tance is zero again. This broad region of almost perfect 
conductance is due to spin exchange processes on the 
quantum dot level, and can be therefore related to the 
discussed above Kondo effect. Indeed, in FigHS] this is 
observed for T5 = with T5 = 4x/(l+x)^ being the back- 
ground transmission probability, where x = tt'^W'^NlNji^ 
and Nl^ji is the density of states in the left (right) lead. 
With increasing T5 the curves change dramatically. Most 
importantly, a Fano resonance is appearing in the stud- 
ied energy window, qualitatively similar to experimental 
observations (Kobayashi et al.^ 2002). For the considered 
model the resonance location is shifting towards — /7/2, 
and its width tends to — [/, as T^, further increases Figl42l 
A variation of the AB phase (j) in some intermediate T5 
regime yields the possibility to change the sign of the 
asymmetry parameter q. 



F. Spin filters 

When a magnetic field is applied to the AB interferom- 
eter setup in Fig l38lf a). it is reasonable to consider also 
its action on the quantum dot region itself, which leads to 
a Zeeman splitting of the dot level. This is incorporated 
in the side dot model ([5Q|) with specifying 

6^,1 = + A/2 , Cd^i =ed- A/2 , (53) 

where A is the Zeeman energy up to which the single par- 
ticle level is splitted for spin down and spin up electrons. 
It is easy to incorporate the AB phase shift as well, we 
will discuss it below. 

For = ([5Q|) is reduced to the Fano- Anderson model 
([6]), and the transmission is computed within the one- 
particle picture for an electron moving at the Fermi en- 
ergy ep' 

- eF(l)i = t{(j)n-l + 0n+l) + V'ipSnO, (54) 

-eF(p = -erf,^(/p + V(/)o, (55) 

where (j)n refers to the amplitude of a single particle 
at site n in the conducting channel and (f is the am- 
plitude at the sid e dot. With th e help of the Friedel 
sum rule (i Hewson' Il993l : iLangrethl . Il966lì one arrives at 
([Torio et aL .2004 ) 

ga = cos'hit {ria) • (56) 

This relation has a geometrie origin and actually holds 
for arbitrary U (at zero temperatures). For a nonzero 
magnetic fìeld A ^ F the two Fano resonances for spin 
up and spin down electrons are energetically separated. 
Therefore, the current through the channel is completely 
polarized at ei? = ^d,} and cf = ^d,i- The AB phase can 
be easily included into the model ([5Q|) similar to ([5T]) . Re- 
markably it will not change the position of the resonances 
(cf. also ([9])), since the position of the Fano resonance is 
entirely determined by the matching condition between 
the dot level (s) and the Fermi energy. 

The obtained spin fìlter will operate at temperatures 
kT <C A. For a fìeld of a few Tesla that implies tem- 
peratures less than lOOmi^. While that is possible in 
principle, two more problems appear. First, to control 
such a spin fìlter, one would have to control the gate 
voltage on the scale of fieV (because the spin polarized 
Fano resonances are separated in the gate voltage by the 
same amount of the Zeeman energy). Second, as dis- 
cussed above. Coulomb interactions have to be taken into 
account. 

For nonzero U and A, the results for the mean number 
of particles on the dot, and f or the s pin-resolved conduc- 
tance, have been obtained by lTorio~ et al. (2004), and are 
shown in FigH3l The main outcome is, that the pres- 
ence of a strong Coulomb interaction is shifting the two 
Fano resonances for spin up and spin down electrons fur- 
ther apart. Therefore, the current through the channel 
is completely polarized at ei? = ^d,} + U and cf = ^d,i- 
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FIG. 43 Left plots: (ricr) versus for a finite splitting 
A = 1.6, [/ = (top) and [/ = 12 (bottoni). Tiie black 
(white) dots represent tiie numerical results for tiie spin up 
(spin down) occupation number. Rigiit plots: versus for 
finite splitting A = 1.6, [/ = (top) and [/ = 12 (bottom). 
The conductance is computed numerically for spin up (black 
dots) and spin down (white dots) electrons. The solid and the 
dashed lines on the top fì^ures represent t he exact results of 
Eq. {|56]). Adapted from iTorio et al\ (|2004l ì. 



For U ^ A the distance between the two spin polarized 
Fano resonances is of the order of the charging energy 
(and not the Zeeman energy). At the same time, the 
Kondo regime is completely suppressed. For < ^d,i^ 
the dot level is empty, and electrons pass directly from 
the left to the right lead (background transmission). For 
= ^d,i the dot is opening for spin down electrons. 
A Fano resonance appears, and its width is determined 
solely by F = 2|yp/|'Ui7| where vf = de/dq\eF is the 
Fermi velocity. For Cd^i < ep < ^d,} U the dot level 
is fìlled with one spin down electron, and does not con- 
tribute to the conductance, leading to direct transmis- 
sion from left to right leads. For cf = ^d,} + U the dot is 
opening for spin up electrons. A Fano resonance appears, 
with the same width as for the previous case. Finally, for 
> ^d,] -\- the dot is fìlled with two electrons and 
does not contribute to the conductance, leading to direct 
transmission from left to right leads. 

For typical quantum dots with L ^ lOOnm and 
B ^ IT, the spin filter effect is expected to be ac- 
tive for temperatures below lOOmK^ with a distance be- 
tween the spin polarized Fano resonances of the order of 
20 — òOmeV. To observe it, one needs to monitor experi- 
mentally the spin-resolved flow of electrons with a spatial 
resolution less than the dot dimension. 



G. Perspectives 



iGurvitz and LevinsonI (|l993l ) obtained resonant reflec- 
tion and transmission within a generalized description 
of a conducting channel (with several transverse modes) 



with a single impurity. 

Extensions of the theoretical mo dels in order to include 
many dot levels were performed bv IStefanski et ali ( 2QQ4I ) 



for very large (O.leV) charging energies. Two dots with 
rather sniall cha rging energies (ImeV) were discussed by 
IStefanskil(l2QQ3lì. A series of authors considered the limit 
U ^ oc (iBulka and Stefanski l2QQll : [Kang et ali l2Q0ll : 
iKang and Shin . 2000^ It remains to be clarifìed, whether 
such models can be used to discuss temperature effects 
o n transport prope rties through quantum dots. 

iLee and Bruderl (^006) extended the spin filter model 
by including spin-orbit interactions and extending the 
side dot into a side ring with many levels. Esti- 
mates of Kondo temperatures, and gene ral tempera- 
ture e ffe cts, have been dis c ussed bv lAligia and Salguerol 
(|2004l ). iLobos and Aligial (|2QQ8h included Rashba spin- 



ometers (see also 


Chi et al\ (I2007Ì: Gone et al\ (|200^ 


ISanchez and Serra 


(|2006l); ISerra and Sàanched ( 


200/t 



Spin inversion devices in a quasi- two- dimensionai semi- 
conductor wave guide under sectionally Constant mag- 
netic fìelds and spin-orbit in teractions were discussed by 
ICardoso and Perevral (|2QQ8h . 

Experimental progress was reported by iNeel et ali 
(^07) through contacting the tip of a low-temperature 
scanning tunneling microscope with individuai cobalt 
atoms adsorbed on Cu(lOO), where Fano resonances have 
been observed. 

Single-molecule devices attracted attention recently. 
There one sandwiches various molecules between gold 
electrodes and studies their conductance properties. Im- 
pressive Fano resonances (with the background trans- 
mission dropping by several ord e rs of magnitude) were 
reported recently bv iFinch et ali (|2QQ9l ). The additional 
influence of Andreev reflection at low temperatures, when 
the metallic contacts turn superconducting, was studied 
bv iKormànvos et ali ( 20091 ). 



Since Fano resonances rely on phase coherence of elec- 
trons traversing the structure along different paths, sev- 
eral authors investigated the i nfluence of phon o ns on 
decoherence in quantum dots (iPastawski et ali l2002l : 
iTorres et a/ll20oè . IClerk et al\ ([200lD studied the possi- 



bility to extract phase decoherence properties from mea- 
surements on the g'-factor of the Fano resonance. 

During the last decades, carbon nanotubes have 
been studied ext ensively because of their unconven- 
tional properties (|Saito et ali 11 99^ ). For applications 
to nanoscale electronic devices, researchers have fabri- 
cated various forms of carbon nanotubes to engineer 
their physical properties, including ne w morphologies 
such as X- and T-shaped junctions ([Terrones et ali 
I2OOOI ). These developments offer interesting opportu- 
nities to study phase coherent transport in novel ge- 
ometries. Carbon nanotubes are excellent objects for 
observing phase coherence phenomena and Fano ef- 
fects, and there are many theoretical studies and exper- 
imental signatures of t he Fano effect in different types 
of carbon nanotubes ( Babic and Schonenbergerl , l2004l : 
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Hu et al, 20061: iKim et ali 2005 


. l2003l: Yi et ali. l2003l: 


Zhans and Chandrasekharl, l2006l; 


Zhane: et a/il2004lì. In 



particular, Fano resonances are very pronounced in the 
transport properties of multiply connected carbon nan- 
otubes where a single tube is branched off into two 
smaller arms and then they merge into one. Both 
TT-bonding and tt* (tt anti)-bonding electron transport 
channels show resonant Fano tu nneling through discrete 
energy levels in the finite arms (|Kim et al 1 l2005[ ì. 

There are many other systems where Fano resonances 
was observed and studied in details, e.g. for the res- 
onant phonon transport between two crystalline me- 
dia in the presence of a weakly bounded i ntern i ediate 
layer due to nonio cai interaction (|Kosevichl , Il997l , l2008l : 
iKosevich 6^0/] . l2008h . 



VII. CONCLUSIONS 

This Review offers a bird-eye view on the Fano res- 
onances in various physical systems. Ali examples pre- 
sented here share the same basic feature - coexistence 
of resonant and nonresonant paths for scattering wave 
to propagate. It results in constructive and destructive 
Inter ference phenomena and asymmetric lineshapes, first 
quantitatively described by Ugo Fano. It turns out to be 
a very common situation in any complex system describ- 
ing wave propagation, either on a classical footing, or on 
a quantum mechanical one. This makes the Fano res- 
onance a very generic phenomenon. The characteristic 
fingerprints of the Fano resonance are usually assumed 
to be related to an asymmetric profile of a cross-section 
or transmission as a function of some relevant control pa- 
rameters. A detailed study of the problem shows, that 
symmetric profiles are allowed as well, and therefore a 
Fano resonance is indicating its presence whenever a res- 
onant suppression of forward scattering (transmission) is 
observed. It is intimately related to the presence of a 
quasi-bound state resonantly interacting with a contin- 
uum of scattering states. The pinning down of such a 
bound state may or may not be an obvious undertaking, 
depending on the given physical setting. In particular, 
such quasi-bound states can be generated by geometrical 
means, and in more complicated settings by many body 
interactions. We focussed here on the study of Fano res- 
onances in light propagation through artificial nanoscale 
optical devices, and in charge transport through quantum 
dots. Several other potential applications were discussed 
as well, touching such areas as superconductivity, Bose- 
Einstein condensates in optical lattices, among others. 

Despite being interference in nature the Fano reso- 
nance we should pointed out here that it is quite dif- 
ferent to other interference phenomena, such as, for in- 
stance, doublé slit experiment or w eak localization in dis- 
ordered media ( Gantmakherl , l2005l ) . The latter two share 
the common feature of interference between two open 
channels (or broad continuums) represented by similar 
diffraction pattern of the slits in the first case, or iden- 



tical length of the two counter-propagating paths along 
a loop in the second. The phase of a scattering wave 
varies relatively slowly along a continuum. Therefore, 
for nearly identical continua the phase accumulation dur- 
ing propagation along two paths will be practically the 
same. The constructive/destructive interference takes 
place when the sum of these two phases become equal 
to zero or tt, and, in general, are very well separated 
from each other. In the case of a Fano resonance the 
situation is quite different. Along the discrete level path 
the phase undergoes sharp variation (in comparison with 
the continuum) with a consequent change of its sign. It 
results in a very strong asymmetric profile where con- 
structive and destructive interferences are located very 
dose to each other. Several detailed examples considered 
in this Review demonstrate that systems which support 
Fano resonance can be mapped onto the Fano- Anderson 
model (|3]) . This model is very simple and provides with a 
core understanding of the phenomenon. It can be consid- 
ered as a guideline for explanation of the Fano resonance 
in a particular system. 
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